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skyrmion crystals

(several tens of nanometres) can be regarded as a magnetically 2D
system, in which the direction of q is confined within the plane
because the sample thickness is less than the helical wavelength;
therefore, various features should appear that are missing in bulk
samples. In the context of the skyrmion, the thin film has the advant-
age that the conical state is not stabilized when the magnetic field is
perpendicular to the plane23. Therefore, it is expected that the SkX can
be stabilized much more easily, and even at T 5 0, in a thin film of
helical magnet.

In this Letter, we report the real-space observation of the forma-
tion of the SkX in a thin film of B20-type Fe0.5Co0.5Si, the thickness of
which is less than the helical wavelength, using Lorentz TEM28 with a
high spatial resolution. The quantitative evaluation of the magnetic
components is achieved by combining the Lorentz TEM observation
with a magnetic transport-of-intensity equation (TIE) calculation
(Supplementary Information).

We first discuss the two prototypical topological spin textures
observed for the (001) thin film of Fe0.5Co0.5Si. The Monte Carlo
simulation (Supplementary Information) for the discretized version
of the Hamiltonian in equation (1) predicts that the proper screw
(Fig. 1a) changes to the 2D skyrmion lattice (Fig. 1b) when a perpen-
dicular external magnetic field is applied at low temperature and when
the thickness of the thin film is reduced to close to or less than the
helical wavelength. The Lorentz TEM observation of the zero-field
state below the magnetic transition temperature (,40 K) clearly
reveals the stripy pattern (Fig. 1d) of the lateral component of the
magnetization, with a period of 90 nm, as previously reported18; this
indicates the proper-screw spin propagating in the [100] or [010]
direction. When a magnetic field (50 mT) was applied normal to the
plate, a 2D skyrmion lattice like that predicted by the simulation
(Fig. 1b) was observed as a real-space image (Fig. 1e) by means of
Lorentz TEM. The hexagonal lattice is a periodic array of swirling spin
textures (a magnified view is shown in Fig. 1f) and the lattice spacing is
of the same order as the stripe period, ,90 nm. Each skyrmion has the
Dzyaloshinskii–Moriya interaction energy gain, and the regions
between them have the magnetic field energy gain. Therefore, the
closest-packed hexagonal lattice of the skyrmion has both energy
gains, and forms at a magnetic field strength intermediate between
two critical values, each of which is of order a2/J in units of energy. We

note that the anticlockwise rotating spins in each spin structure reflect
the sign of the Dzyaloshinskii–Moriya interaction of this helical mag-
net. Although Lorentz TEM cannot specify the direction of the mag-
netization normal to the plate, the spins in the background (where the
black colouring indicates zero lateral component) should point
upwards and the spins in the black cores of the ‘particles’ should point
downwards; this is inferred from comparison with the simulation of
the skyrmion and is also in accord with there being a larger upward
component along the direction of the magnetic field. The situation is
similar to the magnetic flux in a superconductor29, in which the spins
are parallel to the magnetic field in the core of each vortex.

Keeping this transformation between the two distinct spin textures
(helical and skyrmion) in mind, let us go into detail about their field
and temperature dependences. First, we consider the isothermal vari-
ation of the spin texture as the magnetic field applied normal to the
(001) film is increased in intensity. The magnetic domain configura-
tion at zero field is shown in Fig. 2a. In analogy to Bragg reflections
observed in neutron scattering22, two peaks were found in the cor-
responding fast Fourier transform (FFT) pattern (Fig. 2e), confirm-
ing that the helical axis is along the [100] direction. In the real-space
image, however, knife-edge dislocations (such as that marked by an
arrowhead in Fig. 2a) are often seen in the helical spin state, as
pointed out in ref. 18. When a weak external magnetic field, of
20 mT, was applied normal to the thin film, the hexagonally arranged
skyrmions (marked by a hexagon in Fig. 2b) started to appear as the
spin stripes began to fragment. The coexistence of the stripe domain
and skyrmions is also seen in the corresponding FFT pattern (Fig. 2f);
the two main peaks rotate slightly away from the [100] axis, and two
other broad peaks and a weak halo appear. With further increase of
the magnetic field to 50 mT (Fig. 2c), stripe domains were completely
replaced by hexagonally ordered skyrmions. Such a 2D skyrmion
lattice structure develops over the whole region of the (001) sample,
except for the areas containing magnetic defects (Supplementary
Information). A lattice dislocation was also observed in the SkX, as
indicated by a white arrowhead in Fig. 2c. The corresponding FFT
(Fig. 2g) shows the six peaks associated with the hexagonal SkX
structure. The SkX structure changes to a ferromagnetic structure
at a higher magnetic field, for example 80 mT (Fig. 2d, h), rendering
no magnetic contrast in the lateral component.
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Figure 1 | Topological spin textures in the helical magnet Fe0.5Co0.5Si.
a, b, Helical (a) and skyrmion (b) structures predicted by Monte Carlo
simulation. c, Schematic of the spin configuration in a skyrmion. d–f, The
experimentally observed real-space images of the spin texture, represented
by the lateral magnetization distribution as obtained by TIE analysis of the

Lorentz TEM data: helical structure at zero magnetic field (d), the skyrmion
crystal (SkX) structure for a weak magnetic field (50 mT) applied normal to
the thin plate (e) and a magnified view of e (f). The colour map and white
arrows represent the magnetization direction at each point.
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Melting of Skyrmion crystal
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Hexatic-to-Liquid Melting Transition in Two-Dimensional Magnetic-Bubble Lattices 
R. Seshadri and R. M. Westervelt 

Department of Physics and Division of Applied Sciences, Harvard University, 
Cambridge, Massachusetts 02138 

(Received 17 January 1991) 

We report detailed observations of a continuous hexatic-to-liquid melting transition in two-
dimensional magnetic-bubble lattices in magnetic garnet films using digital-imaging techniques. Topo-
logical defects, diffraction patterns, and translational and orientational correlation functions show that a 
second-order melting transition occurs via the formation of progressively larger transient defect clusters. 

PACS numbers: 64.70.-p, 05.70.Fh, 61.50.Ks, 75.70.Kw 

The nature of the melting transition in 2D systems has 
generated considerable interest and controversy.1,2 

Building on the ideas of Kosterlitz and Thouless,3 

Halperin and Nelson (HN) have suggested that this 
melting is a second-order two-stage transition driven by 
the dissociation of dislocation pairs and then disclina-
tions, producing a hexatic phase between the solid and 
liquid characterized by unpaired dislocations, algebrai-
cally decaying orientational order, and exponentially de-
caying translational order.4 Young independently stud-
ied the dissociation of dislocation pairs.5 Recently, 
Chudnovsky (C) has suggested that the solid-to-hexatic 
transition is absent in 2D systems with microscopic dis-
order, and a hexatic glass rather than a crystalline solid 
is the most ordered state.6 Other theories propose that 
melting in 2D systems is a first-order transition.7 Nu-
merical simulations and experiments on polystyrene col-
loids,8 hard spheres,9 liquid crystals, electrons on He, 
and physisorbed noble gases have probed this transition.x 

A hexatic vortex glass has been seen in disordered high-
TV superconductors.10 

In this Letter, we describe experimental observations 
of a continuous hexatic-to-liquid melting transition near 
equilibrium in 2D magnetic-bubble lattices, driven by to-
pological defects in agreement with the H N theory. At 
higher densities away from the transition we find a C 
hexatic glass6 produced by microscopic disorder. The 
bubbles can be easily observed and followed in time and 
space. Polystyrene colloids8 share this advantage and 
display the behavior predicted by H N theory, but with 
additional vacancies. 

These experiments were performed at room tempera-
ture on a thin magnetic film of bismuth-substituted iron 
garnet;x ! details of the sample characteristics and experi-
mental setup are given elsewhere.12,13 The magnetiza-
tion is perpendicular to the film and aligned either with 
or opposed to an applied perpendicular magnetic field 
/ /# . Magnetic bubbles are cylindrical domains of re-
versed magnetization with radii determined by material 
parameters and the local field.14 The bubble radius (3.3 
jum) does not change appreciably over the field range 
used in this experiment,15 although the bubble density 
varies by an order of magnitude; the radius is compara-

ble to the film thickness (7.8 jum) and much smaller than 
the bubble separation (17 to 47 pm). Bubbles interact 
via a purely repulsive dipolar interaction (1 / r 3 ) ; the di-
pole moment changes little with HB and is uniform from 
bubble to bubble.15 

Polycrystalline bubble lattices with typical crystallite 
sizes of — 12 000 bubbles were produced from a sea of 
bubbles using superimposed ac and dc magnetic fields.16 

All data were taken with a 6.6-Oe-p.p. 40-Hz ac field 
which causes a slight breathing motion of the bubble ra-
dius. Microscopic roughness in the garnet produces a ji-
tter in bubble position which is both spatially and tem-
porally uncorrelated with the jitter of other bubbles, 
simulating thermal motion.17 The bubble density p was 
decreased from —4000 to —500 m m - 2 through the 
melting transition by incrementing HB from 85 to 95 Oe 
in small steps. Isolated bubbles collapse at a well defined 
field, 103 Oe in the absence of an ac field for this film. 
Each increment in HB results in the collapse of a few 
bubbles distributed uniformly over the lattice, creating 
vacancies that relax into dislocations. After each step 
the lattice was annealed for 30 min to allow defects to 
equilibrate. 

Bubble lattices were visualized in an optical micro-
scope using polarized light. Grey-scale images of area 
1078x808 jum2 were recorded using computer video 
techniques for each step in HB after annealing. The 
bubble centers were determined from these images to 
within ± 1 pixel ( ± 1 . 7 pm). Voronoi constructions18 

were used to isolate topological defects, to determine the 
lattice constant a, and to obtain the bond information. 
The maximum number of bubbles in the processed im-
ages was —3000, for which a was —10 pixels (17 pm). 
Our observations were made on a single crystallite. The 
grain boundary minimizes external stress and aids in the 
equilibration of defects. Dislocations of any orientation 
can reach any point in the lattice by glide from the grain 
boundary; climb was observed but is not necessary to 
achieve equilibrium. We measured the diffusion con-
stant for glide by following dislocations across four 
sequential video frames. 

Figure 1 shows sections of images for a typical melting 
transition. The lattice in Fig. 1 (a) has long-range orien-

2774 © 1 9 9 1 The American Physical Society 

V O L U M E 66, N U M B E R 21 P H Y S I C A L R E V I E W L E T T E R S 27 M A Y 1991 

(a) 89.0 CH •(f) 93.8 Oe| 

W^^mM 

(b) 90.6 0 ^ (e) 93.1 Oe| 

( c ) 9 2 . 1 Q ^ (d) 92.9 O^ 

FIG. 1. Melting transition vs field HB. The dots are bubble 
centers; the open square, solid squares, solid circles, and open 
circles are fourfold, fivefold, sevenfold, and eightfold coordinat-
ed disclinations in the hexagonal lattice. 

tational order, and very low defect concentration and 
mobility. Here dislocations glide across —10% of the 
field of view in the annealing time (D = 0.002a 2/sec). In 
Fig. 1 (a) the bubble array is a C hexatic glass6 for which 
translational order is limited by microscopic roughness, 
not by dislocations (see below). As the bubble density is 
lowered we observe a H N hexatic4 shown in Fig. 1(b), 
characterized by a gas of dislocations which limits 
translational order: Here dislocations glide across 
— 35% of the field of view in the annealing time (D 
=0.018tf 2/sec). Although the lattice is still far from 
equilibrium, the dislocation gas closely resembles the 
hexatic described by equilibrium H N theory, because 
dislocations are created uniformly and can equilibrate lo-
cally. The H N hexatic in Fig. 1(c) for lower bubble 
density has diffusion constants similar to Fig. 1(b). In 
Fig. 1 (c) clustering of dislocations begins to occur, and 
the clusters evolve continuously in time. Virtual pairs 
(twisted bonds), vacancies, and interstitials appear as 
two to four dislocation clusters. In contrast to nuclei in 
first-order transitions, these transient clusters do not sta-
bilize and grow upon attaining a critical size. In Fig. 
1 (d) a dramatic increase in the dislocation concentration 
starts to occur. Isolated dislocations become less com-
mon and cluster sizes are larger. Here dislocations glide 
across — 110% of the field of view in the annealing time 
(D =0.069(2 2/sec). Clusters constantly rearrange and 
defects go into and out of existence. Time-resolved im-
ages show thermal excitation of virtual pairs, and dislo-

vmausE0^m^% 

^ %*-*#" -Jp* 
Mf0^M^^ip0 

Kc)93.1 Oe 
W4i^':- — ^ : 

:^'^*^^ 

m**&. 

FIG. 2. Two-dimensional structure factor at the magnetic 
fields HB indicated (see text). 

cation regrouping, creation, and annihilation on time 
scales — 15 sec, indicating that the hexatic is near equi-
librium. By criteria given below, the liquid transition 
occurs near Figs. 1(d) and 1(e). In Fig. 1(e) larger de-
fect clusters form which begin to join each other and 
percolate across the system: The cluster size is almost 
equal to the cluster spacing. Finally, in Fig. 1(f) the 
clusters span the system, dislocations dissociate into dis-
clinations, orientational order diminishes, and the system 
is a liquid. At these low densities bubbles with four and 
eight nearest neighbors are often present, as shown in 
Fig. 1(f). The liquid is characterized by the absence of 
isolated clusters. 

The melting transition is illustrated in a series of 2D 
structure factors shown in Figs. 2 ( a ) -2 (d ) , computed 
from the bubble centers using a discrete Fourier trans-
form. The C hexatic glass in Fig. 2(a) shows a sharp 
sixfold symmetric diffraction pattern [see Fig. 1(a)]. 
The H N hexatic in Fig. 2(b) has well defined but some-
what smeared peaks. Figure 2(c) displays the diffraction 
pattern just above the hexatic-to-liquid transition [see 
Fig. 1 (e)]: Here the six first Bragg peaks almost form a 
ring. In Fig. 2(d) the pattern is that of a liquid. 

Figure 3 shows the evolution through the melting tran-
sition of the orientational correlation function G e ( r ) , the 
two-particle distribution function g(r), and the angular 
average S(k) of the structure factor, determined from 
the bubble centers. For the C hexatic glass in Fig. 3, 
trace a, ( / e ( r ) remains near 1 even for large bubble sep-
arations — 40a. This is the signature for extended orien-
tational order. In traces b-f, C / e^ ) decays very slowly 
with separation r. The orientational order is quasi long 
range, and corresponds to the H N hexatic shown in Figs. 
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The Mermin–Wagner theorem states that long wavelength 
density fluctuations will destroy long-range translational 
orders in infinitely large two-dimensional (2D) lattices at any 

finite temperature1,2. Thus, for a long time the assumption has been 
that there is no transition in a 2D system with continuous sym-
metry to an ordered phase at any temperature T > 0 K. The intro-
duction of topological defects provides further insights into both 
the order of the ground state and its phase transition on heating in 
two dimensions3. Topologically ordered states that contain a small 
density of pairwise topological defects can be distinguished from 
disordered states by determining overall physical properties such 
as finite elastic moduli, which vanish in the latter3,4. Upon thermal 
excitations, the eventual dissociation of bound topological defect 
pairs in 2D systems results in the Berezinskii–Kosterlitz–Thouless 
phase transitions3,5–7.

This theory has also been applied to 2D crystalline solids3,8–10, 
and it predicts that these solids melt through two separate continu-
ous phase transitions due to the sequential proliferation of two types 
of topological defect, dislocations and disclinations. In sharp con-
trast, a melting process in three dimensions is always a single-step, 
first-order phase transition. So far, all real-space investigations on 
the 2D melting process have been conducted on real-matter par-
ticles such as electrons11, molecules12,13 and especially colloids14–16.

Quasi-particles can also form 2D crystalline structures, and 
magnetic skyrmion lattices (SkLs) are one such example17–20. 
Skyrmions are localized twirling spin textures with non-trivial 
topology. More generally as countable soliton configurations 
embedded in continuous fields21,22 (for example, a ferromagnetic 
background), skyrmions are quasi-particles, and lattices formed 
by skyrmions may be essentially distinct from those formed by 
real-matter particles. For example, skyrmions can be created and 

destroyed by rare thermal fluctuations23, so the number of sky-
rmions is not a conserved quantity. The questions of whether and 
how a SkL melts thus need to be answered.

Instead of viewing skyrmions as quasi-particles, an alternative 
picture of coherent superposition of spin helices has been adopted 
to explain the stability of the SkL phase17,24. In this scheme, a SkL 
is similar to a standing wave configuration in a continuous field, 
whose stability is based on the phase coherence of the helical spin 
modulations constituting the SkL. The two pictures thus give rise to 
fundamentally different order-to-disorder behaviours. In the par-
ticle scenario, individual skyrmions should persist throughout the 
whole melting process until an atomic-level magnetic phase transi-
tion happens (for example, transforming to the paramagnetic phase 
or to the spin polarized state), with the long-range orders evolving 
accordingly25. Alternatively, there could be a first-order transition 
from the SkL phase to a phase without skyrmions.

If a SkL melts as a condensed particle ensemble, one may fur-
ther ask whether such a 2D quasiparticle system exhibits non-trivial 
phase behaviours. One possibility could be the aforementioned 
topological-defect-induced 2D melting phase transition proposed 
by the Kosterlitz, Thouless, Halperin, Nelson and Young (KTHNY) 
melting theory3,8–10. In this scenario, the quasi-long-range trans-
lational order (due to the long wavelength fluctuations) and the 
long-range orientational order of a SkL will evolve separately due 
to the respective disassociation of dislocation pairs and disclination 
pairs. It hence would lead to a phase evolution from the solid phase, 
through a unique intermediate phase, the hexatic phase, and finally 
to the isotropic liquid phase, yet the most recent Monte Carlo simu-
lation results26 find an unexpected single-step melting transition.

Here, by using real-space cryo-Lorentz transmission elec-
tron microscopy (LTEM), we realize the controllable melting of 

Melting of a skyrmion lattice to a skyrmion liquid 
via a hexatic phase
Ping Huang! !1,2,3,7 ✉, Thomas Schönenberger2,7, Marco Cantoni4, Lukas Heinen! !5, Arnaud Magrez6, 
Achim Rosch5, Fabrizio Carbone3 and Henrik M. Rønnow! !2 ✉

The phase transition most commonly observed is probably melting, a transition from ordered crystalline solids to disordered 
isotropic liquids. In three dimensions, melting is a single, first-order phase transition. In two-dimensional systems, however, 
theory predicts a general scenario of two continuous phase transitions separated by an intermediate, oriented liquid state, the 
so-called hexatic phase with short-range translational and quasi-long-range orientational orders. Such hexatic phases occur in 
colloidal systems, Wigner solids and liquid crystals, all composed of real-matter particles. In contrast, skyrmions are countable 
soliton configurations with non-trivial topology and these quasi-particles can form two-dimensional lattices. Here we show, 
by direct imaging with cryo-Lorentz transmission electron microscopy, that magnetic field variations can tune the phase of the 
skyrmion ensembles in Cu2OSeO3 from a two-dimensional solid through the long-speculated skyrmion hexatic phase to a liquid. 
The local spin order persists throughout the process. Remarkably, our quantitative analysis demonstrates that the aforemen-
tioned topological-defect-induced crystal melting scenario well describes the observed phase transitions.
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Extended Data Fig. 8 | Summary of properties of skyrmion ensembles in different phases. Real-space configurations, topology, Fourier transform, 
translational orders and orientational orders are summarized for the solid, the hexatic and the liquid phases respectively.
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Extended Data Fig. 8 | Summary of properties of skyrmion ensembles in different phases. Real-space configurations, topology, Fourier transform, 
translational orders and orientational orders are summarized for the solid, the hexatic and the liquid phases respectively.
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process demonstrates this mechanism explicitly, as shown in Fig. 4b. 
The densities of both defects are negligible before the solid–hexatic 
transition, after which the dislocation density starts to increase 
while the disclination density remains around zero. The disclination 
density eventually increases after the hexatic–liquid phase transi-
tion (an example of the defect statistics in the liquid phase is shown 
in Extended Data Fig. 6). As the number of skyrmions is not a con-
served quantity, it is an important question whether the phase tran-
sition is driven by a change of skyrmion density. Figure 4c shows 
that the skyrmion density remains almost constant in the solid and 
hexatic phases and drops by less than 10% in the liquid phase. Such 
a small drop is also seen in numerical simulations of SkLs at zero 
temperature and reflects a change of the skyrmion–skyrmion repul-
sion with increasing magnetic field (see Extended Data Fig. 7 and 
Supplementary Information for more details).

Conclusions
Differences in the macroscopic properties are predicted in these 
topologically distinct phases16. SkLs should possess a finite shear 
modulus that vanishes in the hexatic phase due to the appearance 
of free dislocations; similarly, the hexatic phase differs from the 
liquid phase by a finite Frank’s constant characterizing the stiffness 
against rotational stress. Note that whether a 2D solid experiences 
one or two Berezinskii–Kosterlitz–Thouless phase transitions to 
the liquid phase depends, in general, on its coupling with the sub-
strate9. Due to their large sizes and smooth structures, skyrmions 
in Cu2OSeO3 decouple efficiently from the underlying atomic lat-
tices17, hence resulting in a two-step KTHNY phase transition. 
However, because the detailed interactions between skyrmions and 
the pinning from the underlying atomic lattices may vary in dif-
ferent skyrmion-hosting materials, different phase behaviour may 
occur in other skyrmion systems. The melting process reported 

here is realized by tuning the magnetic field, which opens the inter-
esting question of whether quantum effects will emerge in the limit 
of zero temperature37.

Our results are summarized in the phase diagram in Fig. 5, 
where two new skyrmion phases are identified in addition to the 
previously reported single SkL phase28 (a comprehensive summary 
of the characteristics in the three skyrmion phases is provided in 
Extended Data Fig. 8). The controllable realization of disordered, 
non-periodic configurations of skyrmion ensembles decoupled 
from a well-organized atomic lattice is important for understand-
ing their stability and dynamics from the particle perspective. 
Because both the picture of superimposed helices17 and the pic-
ture of 3D packed skyrmionic strings38 address the essential role 
of thermal fluctuations for reducing the SkL free energy due to an 
‘order-by-disorder’ mechanism (that is, the stability is enhanced due 
to an increase in entropy induced by fluctuations39), our results may 
inspire more investigations on such fluctuations originating from 
the highly non-trivial interactions of skyrmionic quasi-particles.

Collective behaviours, especially ordering and correlations at var-
ious spatial and temporal scales, are central problems in the investi-
gations of many-body systems spanning from elementary particles 
to ecological and social ensembles. The demonstration of complex 
ordering phenomena qualifies skyrmions as a model system for 
real-space and real-time investigations of collective behaviours in 
two dimensions, where the interplay between interactions, topology 
and fluctuations can be controllably tuned to address emergent phe-
nomena in future studies. For example, the Kibble–Zurek mecha-
nism, which describes the critical dynamics of phase transitions40,41, 
can be tested in this model system (Extended Data Fig. 9).
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Xiuzhen Yu 1 , Nobuto Nakanishi1,2, Yi-Ling Chiew1, Yizhou Liu1, Kiyomi Nakajima1,
Naoya Kanazawa 3, Kosuke Karube1, Yasujiro Taguchi1, Naoto Nagaosa1 & Yoshinori Tokura 1,4,5

Two-dimensional skyrmion, a topological spin texture, has been extensively investigated in non-
centrosymmetric magnets. It is thermodynamically stable in bulk materials and can extend
perpendicularly to the spin-rotating plane, forming the three-dimensional (3D) skyrmion string that
occasionally terminates inside the bulk or at its surfaces, thereby producing spin (anti)hedgehogs.
Whilemagneticallymanipulated skyrmion strings have been demonstrated thus far, an understanding
of metastable skyrmion strings and their melting dynamics remain elusive. The challenge arises from
the absence of a suitable 3D magnetic imaging technique that is capable of tracking their dynamics
while varying the temperature. Here, we show a high-resolution 3D phase imaging to show the
metastable skyrmions and theirmelting dynamics accompanied by the emergence of (anti)hedgehogs
over a temperature range from 95 K to room temperature in helimagnets.

The research of nanometric topological spin textures, such as magnetic
skyrmions, contributes significantly to the fundamental understanding of
emerging magnetism1–4. These spin arrangements exhibit unique and non-
trivial topological properties, providing insights into the behavior of
quantum materials and the interplay between topology and magnetism5.
Understanding andmanipulating nanometric spin textures have promising
implications for future spintronic technologies4,6. Nanometric skyrmion,
one prototypical two-dimensional (2D) topological spin texture, is char-
acterized as a topological object defined by topological charge or skyrmion
number1,

Q ¼
Z

d2r
4π

nr "
∂nr
∂x

×
∂nr
∂y

! "
ð1Þ

Here nr is a unit vector of magnetic moments. It promises potentially
faster, energy-efficient, and compact electronic components and may serve
as building blocks for information processing6,7, contributing to the reali-
zation of more robust and scalable computers. While the impact of nano-
metric topological spin textures is promising, there are challenges to
overcome, such as precise control and manipulation of these structures,
addressing issues related to stability and scalability, and resolving three-
dimensional (3D) magnetic states in topological magnets.

The topological nature of skyrmion-related spin textures, which
includes spin (anti) hedgehogs, plays a crucial role in determining their
stability8–10. Skyrmion refers to the traditional 2D topological spin textures
that have been confirmed through various advanced imaging techniques,
such as Lorentz transmission electron microscopy (Lorentz TEM)11, scan-
ning tunneling microscopy (STM)12,13, and magnetic force microscopy
(MFM)10, in bulky magnets with a broken inversion symmetry in their
crystal structure and heterostructured films with spin-orbital interaction
(Dzyaloshinskii–Moria interaction (DMI))14. On the other hand, spin (anti)
hedgehog refers to the 3D spin textures predicted theoretically in the context
of broken skyrmion strings9,10. To gain insights into the dynamic behavior of
spin hedgehogs and their interactions with other magnetic structures like
skyrmion strings, and hence to understand the topological stability of these
spin textures, the advanced 3D magnetic imaging technique is desirable,
which enables the visualization of spin (anti) hedgehogs and their dynamics,
offering the means to comprehend the influence of external factors such as
temperature on the stability and dynamics of skyrmion structures.

While various imaging techniques exist, such as electron
tomography15,16 and X-ray nanotomography17,18, achieving high-resolu-
tion, non-invasive, and quantitative 3D imaging of magnetic structures
remains a significant challenge. Quantitatively measuring these topolo-
gical objects in three dimensions is less explored, and current methods
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transformed into a helix state was simulated with the relaxation process
initiated by flipping spins between skyrmions.

Data availability
The datasets generated during and/or analyzed during the current study are
available from the corresponding author on reasonable request.

Received: 26 December 2023; Accepted: 25 April 2024;

References
1. Nagaosa, N. & Tokura, Y. Topological properties and dynamics of

magnetic skyrmions. Nat. Nanotechnol. 8, 899–911 (2013).
2. Tokura, Y. & Kanazawa, N. Magnetic skyrmion materials.Chem. Rev.

121, 2857–2897 (2020).
3. Schulz, T. et al. Emergent electrodynamics of skyrmions in a chiral

magnet. Nat. Phys. 8, 301–304 (2012).
4. Fert, A., Reyren, N. & Cros, V. Magnetic skyrmions: advances in

physics and potential applications. Nat. Rev. Mater. 2, 17031 (2017).
5. Ritz, R. et al. Formation of a topological non-Fermi liquid in MnSi.

Nature 497, 231–234 (2013).
6. Pinna, D., Bourianoff, G. & Everschor-Sitte, K. Reservoir computing

with random skyrmion textures. Phys. Rev. Appl. 14, 054020 (2020).
7. Xia, J., Zhang, X., Liu, X., Zhou, Y. & Ezawa, M. Universal quantum

computation based on nanoscale skyrmion helicity qubits in
frustrated magnets. Phys. Rev. Lett. 130, 106701 (2023).

8. Kagawa, F. et al. Current-induced viscoelastic topological unwinding
of metastable skyrmion strings. Nat. Commun. 8, 1332 (2017).

9. Birch, M. T. et al. Topological defect-mediated skyrmion annihilation
in three dimensions. Commun. Phys. 4, 175 (2021).

10. Milde, P. et al. Unwinding of a skyrmion lattice by magnetic
monopoles. Science 340, 1076–1080 (2013).

11. Yu, X. Z. et al. Real-space observation of a two-dimensional skyrmion
crystal. Nature 465, 901–904 (2010).

12. Heinze, S. et al. Spontaneous atomic-scalemagnetic skyrmion lattice
in two dimensions. Nat. Phys. 7, 713–718 (2011).

13. Muckel, F. et al. Experimental identification of two distinct skyrmion
collapse mechanisms. Nat. Phys. 17, 395–402 (2021).

14. Moriya, T. Anisotropic superexchange interaction and weak
ferromagnetism. Phys. Rev. 120, 91–98 (1960).

15. Wolf, D. et al. Unveiling the three-dimensional spin textureof skyrmion
tubes. Nat. Nanotechnol. 17, 250–255 (2022).

16. Tanigaki, T. et al. Three-dimensional observation of magnetic vortex
cores in stacked ferromagnetic discs. Nano Lett. 15,
1309–1314 (2015).

17. Donnely, C. et al. Three-dimensional magnetization structures
revealed by X-ray vector nanotomography. Nature 547,
328–331 (2017).

18. Seki, S. et al. Direct visualisation of three-dimensional shape of
skyrmion strings in a noncentrosymmetric magnet. Nat. Mater. 21,
181–187 (2022).

19. Yu, X. Z. et al. Aggregation and collapse dynamics of skyrmions in a
non-equilibrium state. Nat. Phys. 14, 832–836 (2018).

20. Yu, X. Z. et al. Real-space observation of topological defects in
extended skyrmion strings. Nano Lett. 20, 7313–7320 (2020).

21. Phatak, C., Petford-Long, A. K. & Graef, M. Three-dimensional study
of the vector potential of magnetic structures. Phys. Rev. Lett. 104,
253901 (2010).

22. Yu, X. Z. et al. Real-space observations of three-dimensional
antiskyrmions and skyrmion strings. Nano Lett. 22, 9358–9364
(2022).

23. Midgley, P. A. & Weyland, M. In Scanning Transmission Electron
Microscopy (ed. Pennycook, S. J. & Nellist, P. D.) 353–392
(Springer, 2011).

24. Lazić, I., Bosch, E. & Lazar, S. Phase contrast STEM for thin samples:
Integrated differential phase contrast. Ultramicroscopy 160,
265–280 (2016).

25. Chapman, J.N., Batson,P. E.,Waddell, E.M.&Ferrier, R. P. Thedirect
determination of magnetic domain wall profiles by differential phase
contrast electron microscopy. Ultramicroscopy 3, 203–214 (1978).

26. Lazić, I., Bosch, E. & Lazar, S. Differential phase contrast 2.0-opening
new “fields” for an established technique. Ultramicroscopy 117,
7–14 (2012).

27. Murakami, Y. et al. Magnetic-structure imaging in polycrystalline
materials by specimen-tilt series averaged DPC STEM.Microscopy
69, 312–320 (2020).

28. Kohno, Y. et al. Magnetic field observation in a magnetic tunnel
junction by scanning transmission electron microscopy. Microscopy
https://doi.org/10.1093/jmicro/dfad063 (2024).

29. Karube, K. et al. Room-temperature antiskyrmions and sawtooth
surface textures in a non-centrosymmetricmagnet withS4 symmetry.
Nat. Mater. 20, 335–340 (2021).

30. Yu, X. Z. et al. Near room-temperature formation of a skyrmion crystal
in thin-films of the helimagnet FeGe. Nat. Mater. 10, 106–109 (2011).

31. Kohno, Y. et al. Real-space visualization of intrinsicmagnetic fields of
an antiferromagnet. Nature 602, 234–239 (2022).

32. Peng, L. et al. Formation and control of zero-field antiskyrmions in
confined geometries. Adv. Sci. 9, 2202950 (2022).

33. Yasin, F. et al. Bloch point quadropole constituting hybrid topological
strings revealed with electron holographic vector field tomography.
Adv. Mater. 36, 2311737 (2024).

34. Tang, J. et al. Sewing skyrmion and antiskyrmion by quadrupole of
Bloch points. Sci. Bull. 68, 2919–2923 (2023).

35. Tang, J. et al. Two-dimensional characterization of three-dimensional
magnetic bubbles in Fe3Sn2 nanostructures. Nat. Sci. R. 8,
nwaa200 (2021).

36. Gopi, A. et al. Thickness-tunable zoology of magnetic spin textures
observed in Fe5GeTe2. ACS Nano 18, 5335–5343 (2024).

37. Kong, L. et al. Diversehelicitiesofdipolar skyrmions.Phys.Rev.B109,
014401 (2024).

38. Nitsu, K. et al. Geometrically stabilized skyrmionic vortex in FeGe
tetrahedral nanoparticles. Nat. Mater. 21, 305–310 (2022).

39. Pöllath, S. et al. Spin structure relation to phase contrast imaging of
isolated magnetic Bloch and Néel skyrmions. Ultramicroscopy 212,
112973 (2020).

40. Schindelin, J. et al. Fiji: an open-source platform for biological-image
analysis. Nat. Methods 9, 676–682 (2012).

41. Vansteenkiste, A. et al. The design and verification of MuMax3. AIP
Adv. 4, 107133 (2014).

42. Yu, X. Z. et al. Realization and current-driven dynamics of fractional
hopfions and their ensembles in a helimagnet FeGe. Adv. Mater. 35,
2210646 (2023).

Acknowledgements
The authors thank Maximilian Birch, Fehmi S. Yasin, and Wataru Koshibae
for the fruitful discussions. Thisworkwas supported inpart byGrants-In-Aid
for Scientific Research (Grant Nos. 19H00660, 23H05431, 23H01841) from
the Japan Society for the Promotion of Science (JSPS) and by the Japan
Science and Technology Agency (JST) CREST program (Grant Nos.
JPMJCR1874, JPMJCR20T1), Japan.

Author contributions
X.Z.Y. and Y. Tokura conceived the project. X.Z.Y. performed the iDPC
tomography with assistance from N. Nakanishi, analyzed DPC and Lorentz
TEM data with Y.L.C., and wrote the manuscript. Y.L. and N. Nagaosa
carried out the micromagnetic simulations. Y.L.C. and K.N. fabricated the
bulkmaterials.N.K., K.K. andY. Taguchi synthetizedFeGeandFNPPalloys.
All authors discussed the data and commented on the manuscript.

https://doi.org/10.1038/s43246-024-00512-5 Article

Communications Materials | �����������(2024)�5:80� 7

Preparation of thin plane sample
Thin plates of (Fe0.63Ni0.3Pd0.07)3P and FeGe with around 260-nm thick-
nesses were prepared by thinning bulky samples using a dual-beam system
(Helios 5UX, ThermoFisher Scientific). The thin-sample extraction process
was conducted at 30 kV using a Ga-ion beam. The thin plates were then
gently polished using a Ga-ion beam at 2 kV to remove the damaged
surface layer.

Cryogenic (S)TEM tomography
A liquid-nitrogen-cooling holderwith high tilt angles (maximum tilt angles:
±70°), specifically the Gatan Elsa model, is utilized alongside a commercial
transmission electron microscope ((S)TEM; Talos F200X, Thermo Fisher
Scientific). This setup enables cryogenic (S)TEM imaging. Atomic-scale
cryogenic (S)TEM tomography is employed for observing structures in the
standard (S)TEMmode under a highmagneticfield of ~2 T. In comparison,
nanoscale (S)TEM tomography is utilized to obtain magnetic induction
maps at the low-magnification (S)TEMmode, varying the normalmagnetic
field from 0 to ±1.5 T.

Integrated differential-phase-contrast (iDPC) microscopy
Differential phase contrast (DPC) is amethod that exploits the phase shift of
the electron wave as it passes through a specimen25,26. DPC microscopy
(DPCM) uses a convergent electron beam (Supplementary Fig. 3a) to scan
across a sample (Supplementary Fig. 3b and c) and a segmented detector
(Supplementary Fig. 3d) to collect signals from the transmitted electrons,

allowing the extraction of phase (φout (x, y) in (Supplementary Fig. 3a)
information, providingmagnetic information inmaterials, according to the
equation25

φoutðx; yÞ ¼ CE

Z
V x; y; z
! "

dz $
e
_

Z
A x; y; z
! "

dz; ð2Þ

where CE;V, e, ћ, and A are a constant, the electrostatic potential, electron
charge, Plank constant, and the vector potential related tomagnetic induction
(field).TheDPCcollects thephase shift related to the shiftof the centerofmass
(CoM) of the electron and detects the intensity I of electron wave24 as

Ix ¼ I1 $ I3 ¼ jΔφxj
2 ð3Þ

Iy ¼ I2 $ I4 ¼ jΔφyj
2 ð4Þ

Here, Δφx and Δφy are Fourier transforms of φout (x, y), and I1–I4 are the
intensities detectedby eachdetector (SupplementaryFig. 3d), respectively. It
indicates that the DPC can directly measure the phase shift (Supplemen-
tary Fig. 3e).

When the electron beam with a wavelength λ passes through a mag-
netic material with infinite thickness t (Supplementary Fig. 3b), the beam
should be deflected, resulting in the beam shift (the down panel in Sup-
plementary Fig. 3b) by a Lorentz force arising from the in-plane magnetic
components in themagnets. The deflected angle θ is proportional to the in-
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Fig. 3 | The melting dynamics of metastable 3D skyrmion strings observed using
iDPC tomography with the increase of temperature. a–c 2D phase images of a
zero-field metastable SkX after 130 mT-FC at several temperatures in a heating run:
a 95 K, b 200 K, c 220 K. d–i 3D scalar field maps of the surrounding area by smaller
red rectangles in a–c demonstrating the melting dynamics of the skyrmion strings
with increasing temperature: d, g independent strings at the lowest temperature,

95 K; e, h “H”-shape skyrmion strings connected to each other around the center at
200 K; f, i the curved stripe domains with surface modulations accompanying sky-
rmion strings at 220 K. j–l Relaxations of metastable skyrmion strings at zero fields
evaluated with micromagnetic simulations: j cylinder-shape SkX; k “H”-shape
skyrmion strings; l stripe domains with surface modulations. Insets in k and l show
schematics of spin hedgehog and anti-hedgehog textures.
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220 K, the connections extend to the sample surfaces, andhelical domains
with surface modulations become evident, as discerned in Fig. 3f and i.
These observations are supported bymicromagnetic simulations (Fig. 3l).
The sequential temperature-dependent 3D magnetic imaging of the
metastable SkX clarifies the meltingmechanisms of skyrmion strings: the
emergence of spin (anti)hedgehogs around the string center and their
dynamics with increasing temperature results in fusion of skyrmion
strings, and hence melting or unwinding such metastable spin textures.
The transition path frommetastable skyrmion strings to helical structure
depends on the external magnetic field, as predicted by previous theo-
retical study9. At low (high) magnetic fields, the (anti)hedgehogs tend to
be nucleated in the bulk (at the surface). This differencemay be due to the
stability of chiral bobbers carrying (anti)hedgehogs at their ends. At a low
magnetic field, the chiral bobber is more stable in the bulk, while at a high
field, it is more stable close to the surface. Since the present experiments
were performed at zero-magnetic fields, it is reasonable that the trans-
formation begins from the bulk. In other words, the present experimental
observations confirm the previous theoretical predictions.

The revelations from the 3D scalar field maps, as depicted in Fig. 4,
provide a deeper understanding of the dynamical and topological beha-
vior of metastable skyrmions under thermal fluctuation. The scalar field
distributions of metastable skyrmion strings in the XY-plane are high-
lighted at the top (Fig. 4a, d, and g), center (Fig. 4b, e, and h), and bottom
(Fig. 4c, f, and i) surfaces at temperatures of (Fig. 4a–c) 95 K, (Fig. 4d–f)
200 K, and (Fig. 4g–i) 220 K, respectively. The data indicate that topo-
logical aspects are preserved, and the topological charge remains a con-
stant integer of 1 along the strings at lower temperatures, such as 95 K.
However, at a relatively higher temperature of 200 K, the topological
charge, as well as the shape of the skyrmions, undergoes modification in

the bulk (Fig. 4e), although it is preserved close to the sample surfaces
(Fig. 4d and f). This suggests a heat-induced evolution of topological spin
textures, leading to the fusion of skyrmion strings and consequently to the
emergence of spin (anti)hedgehogs. Upon further temperature increase
to 220 K, the fusion of skyrmion strings extends to the sample surface
(Fig. 4g), triggering the transformation of skyrmions into helical domains
via heavily distorted states of the strings (Fig. 4g–i). In addition to
exploring the metastability of skyrmion strings, 3D magnetic imaging
highlights the intricate interplay among temperature, topological charge,
and the topological aspects of spin textures, providing valuable insights
into the thermal dynamics of metastable topological spin textures.

Conclusions
The use of cryogenic 3D magnetic imaging, complemented by its tem-
perature profiles, presents a groundbreaking achievement as it directly
confirms theoretical predictions. This innovative approach not only pro-
vides empirical evidence but also opens up a new avenue for exploring the
intricacies of 3D spin textures. The insights gained from this study have the
potential to significantly advance our understanding of complex magnetic
phenomena and pave the way for further discoveries in the realm of spin-
tronics and related fields.

Methods
Bulk sample preparation
Single crystals of (Fe0.63Ni0.3Pd0.07)3P and FeGe were grown by a self-flux
method29 and chemical vapor transport2, respectively. Powder X-ray dif-
fraction and selected-area electron diffraction confirmed their crystal
structures with the I!4 space group for (Fe0.63Ni0.3Pd0.07)3P and P213 sym-
metry for FeGe, respectively.
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FIG. 1. Schematic pictures of two different types of triple helix
structures modeled in stereographic approach: (a) honeycomb lattice
appearing for β = π and (b) kagomé lattice for β = 0.

|S| = 1, which is convenient for a discussion of multi-
skyrmion configurations. It is tempting to also use the method
for construction of a multiple-helix configuration.

One can easily verify that the single helix Eq. (14) is
represented by the function

fϕ = ieiϕ cot am
(

K (m)
π

(kϕR + β )|m
)

. (16)

This function has a striped structure of zeros and pole lines.
The sum of three helices of the form Eq. (16) with different
kϕ , obeying the relation kϕ1 + kϕ2 + kϕ3 = 0, might appear
to be a good choice for a description of two-dimensional
hexagonal lattices of skyrmions. However, comparing with the
previous formula Eq. (5), which has simple poles at the centers
of the skyrmions, we choose a different representation in the
form

f3q =
(

1
fϕ=0

+ 1
fϕ=2π/3

+ 1
fϕ=4π/3

)−1

. (17)

Parameter m now defines the shape of skyrmions and k deter-
mines the cell parameter of skyrmion lattice.

In contrast to the combination of two functions, e.g., f2q =
(( fϕ=0)−1 + ( fϕ=2π/3)−1)−1, where an arbitrary value of β
could be effectively put to zero by an appropriate shift of
the origin, the addition of the third helix in Eq. (17) makes
the choice of β not harmless. As can be seen in Fig. 1, two
different configurations of lines of zeros appear, depending
on β = π or β = 0, corresponding to different topological
charge Q per (rhombic) unit cell: for the honeycomb case with
Q = 2, and for the kagomé case with Q = 3.

Our calculation shows that such a construction of the triple
helix leads to the higher energy density as one can see from

FIG. 2. Density energy for the Hamiltonian Eq. (2) and different
spin configurations.

Fig. 2, as compared both to the SkX ansatz from Sec. II and to
the variant of triple helix considered in the next subsection.
One can argue that the honeycomb lattice configuration in
Fig. 1(a) is not tightly packed, which enhances the inter-
skyrmion interaction contribution. Such an argument does not
hold for the kagomé configuration in Fig. 1(b), where centers
of skyrmions form a triangular lattice, similarly to our above
ansatz Eq. (5). Our calculation shows that the energy mini-
mization leads to very close estimates in density of topological
charge and of Zeeman energy contribution both for Eqs. (17)
and (5), whereas the sum of exchange and DMI energy terms
is significantly higher in the case of Eq. (17). The latter obser-
vation may be associated primarily with the inappropriate size
of individual skyrmions in the kagomé configuration, since
two out of three skyrmions in the unit cell appear too small
for any elliptic index m.

B. Normalized sum of three deformed helices

As discussed in Sec. III, a magnetic field deforms a helix
configuration into the more optimal configuration, called a
deformed helix or chiral soliton lattice, Eq. (14). It seems then
only natural to use a more general combination of three such
deformed helices Eq. (14), instead of the simple expression
Eq. (15). To be able to compare the energies of different con-
figurations, we should normalize the resulting magnetization:

S̃3q = S0ê3 + S̃ϕ=0 + S̃ϕ=2π/3 + S̃ϕ=4π/3

|S0ê3 + S̃ϕ=0 + S̃ϕ=2π/3 + S̃ϕ=4π/3|
. (18)

We call this expression (taken at β = 0) the deformed triple
helix (DTH) below.

The expression Eq. (18) has three variational parameters
for energy minimization: a pitch of helices, k, the elliptical
parameter, m, and the additional magnetization perpendicular
to the plane S0. In terms of the resulting SkX structure, the
pitch k defines the cell parameter of SkX, while both m and S0
determine the radius and shape of individual skyrmions. Some
analysis shows that S0 takes positive values and it is the major
parameter defining (and reducing) the size of skyrmions. The
role of m is only to adjust the shape of the configuration
Eq. (18); in contrast to single helix Eq. (13) with m " 1, the
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invariant under pressure from its neighbors. The advantage
of the latter method is its flexibility that concerns the posi-
tions and sizes of individual skyrmions. One can particularly
employ this description for the skyrmion liquid state reported
previously in Refs. [23,24] at some magnetic fields.

In this paper, we examine different descriptions of
skyrmion lattice states in two dimensions at zero temperature.
In Sec. II, we describe the stereographic approach for the SkX
construction. In Sec. III, we remind the reader of a general
form of the magnetic helix for systems with DMI and mag-
netic field in terms of the additional elliptic parameter [25].
With this generalization, we construct the triple helix ansatz
in Sec. IV at T = 0 with normalization conditions for the
local magnetization. In Sec. V, we compare the modeling
by SkX and triple helix with respect to density of classical
energy, the period of the spatial modulation, and intensities of
higher-order Bragg peaks. Our final remarks are presented in
Sec. VI.

II. SKYRMION CRYSTAL

We consider the two-dimensional system characterized by
magnetization S(r). At zero temperature, the magnetization is
saturated and can be normalized, S2 = 1. The classical energy
density in the standard model of chiral magnets is

E = 1
2C∂µSi∂µSi − Dεµi jSi∂µS j + B(1 − S3) , (1)

where µ = 1, 2 and i = 1, 2, 3. The first term corresponds
to the FM exchange, the second one is DMI, and the last
one is the Zeeman energy related to an external magnetic
field perpendicular to the plane. The main spatial scale in this
model is defined by L = C/D and the energy scale is D2/C.
After appropriate rescaling, Eq. (1) reads

E = 1
2∂µSi∂µSi − εµi jSi∂µS j + b(1 − S3) , (2)

with the dimensionless magnetic field b = CB/D2.
A single skyrmion is an axially symmetric solution with

a unit topological charge. Multiskyrmion configurations can
be described in the stereographic projection approach [22],
which is a convenient way to take into account the interaction
between skyrmions and construct fully periodic configuration
of SkXs. In this section, we sketch the main idea of such
consideration.

For the normalized solution, one can write

S1 + iS2 = 2 f (z, z̄)
1 + f (z, z̄) f̄ (z, z̄)

, S3 = 1 − f (z, z̄) f̄ (z, z̄)
1 + f (z, z̄) f̄ (z, z̄)

,

(3)
where f (z, z̄) is a complex-valued function of z = x + iy and
z̄ = x − iy. It was noticed early on [26] that every holomor-
phic or antiholomorphic function is a solution of the model
without both DMI and an external magnetic field. One can
check in the latter case that one skyrmion corresponds to
f = z0/z̄ and that N-skyrmion solutions are given by f =∑N

j=1 z j
0/(z̄ − z̄ j ); here z j

0 define radii and orientation of in-
dividual skyrmions.

When we discuss the single skyrmion solution, the addition
of DMI and external field may lead to continuous trans-
formation of the Belavin–Polyakov (BP) solution, without
changing the character of singularities. Our ansatz for the

single skyrmion solution is given by

f (z, z̄) = eiακ (zz̄)
z̄

, (4)

where phase α is eventually determined by the sign of the
DMI, and a singularity-free function κ (zz̄) depends smoothly
on the distance from the skyrmion’s center.

The equation for κ is quite nonlinear and can be solved
only numerically. Since κ has the dimension of length,
we choose to consider a dimensionless function κ̃ (y) =
(κ (0))−1κ (y κ (0)2) with the property κ̃ (0) = 1. One could
then solve the equation for κ̃ (y) for different boundary con-
ditions. Our primary interest is to find κ̃ (y) on a disk of finite
radius which mimics the case of SkXs where one skyrmion is
surrounded by its neighbors. The pressure exerted by this type
of environment is modeled by changing the size of a disk. We
found that the function κ̃ (y) is nearly invariant against changes
of the disk radius, in contrast to the value of the dimensionless
residue, κ (0)/L. One hence can model multiskyrmion config-
urations by the sum

f (z, z̄) =
∑

j

F
(
(z̄ − z̄ j )/z( j)

0

)
, (5)

where

F
( z̄

z0

)
≡ z0

z̄
κ̃∞

(∣∣∣
z̄
z0

∣∣∣
2)

, (6)

where κ∞ is the solution on the disk of infinite radius, and
|z0| in this formula is the skyrmion’s size. We remind the
reader that the formula Eq. (5) with arbitrary z j , z( j)

0 provided
an exact (metastable) solution to (1) at D = B = 0. In that
case, skyrmions did not interact and the energy was given by
E =

∑
j E[ f j] with the energy of individual skyrmions (chem-

ical potential) E[ f j] ≡ 4πC. Both DMI and the magnetic field
bring characteristic scales into the model that results in the
interaction between skyrmions, which is the main difference
between the model Eq. (1) and BP model.

We perform the exact numerical calculation of the energy
density for SkX modeled by Eq. (5) with the use of formulas
Eqs. (1)–(6), for the most interesting case of densely packed
SkXs by putting z̄ j onto triangular lattice. The energy density
calculated within the (hexagonal) unit cell of such a SkX
has two parameters: the unit cell parameter or period of the
lattice, a, and the radius of the skyrmion, |z0|; one should
minimize the density, ρ = 2/

√
3Ecell(z0, a)/a2 over a and |z0|.

We present the results of this minimization below in Fig. 2 and
compare it with other model configurations.

Earlier we showed [22] that the energy of configuration
Eq. (5) can be regarded as the sum of (i) the energies of
individual skyrmions, E[ f j], (ii) the pairwise (repulsive) in-
teractions between them, U2(z0, a) = E[ f1 + f2] − E[ f1] −
E[ f2], and (iii) the remaining part, U3, which does not fit
to these two categories. Because of strong nonlinear effects
of the model, U3 turns out to be sizable (and attractive) and
largely corresponds to the triple interaction between the near-
est skyrmions. Interestingly, as first noticed in Ref. [22], the
exact calculation of the optimal energy per unit cell corre-
sponds with the overall accuracy 10−3 to the approximate
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FIG. 1. Schematic pictures of two different types of triple helix
structures modeled in stereographic approach: (a) honeycomb lattice
appearing for β = π and (b) kagomé lattice for β = 0.

|S| = 1, which is convenient for a discussion of multi-
skyrmion configurations. It is tempting to also use the method
for construction of a multiple-helix configuration.

One can easily verify that the single helix Eq. (14) is
represented by the function

fϕ = ieiϕ cot am
(

K (m)
π

(kϕR + β )|m
)

. (16)

This function has a striped structure of zeros and pole lines.
The sum of three helices of the form Eq. (16) with different
kϕ , obeying the relation kϕ1 + kϕ2 + kϕ3 = 0, might appear
to be a good choice for a description of two-dimensional
hexagonal lattices of skyrmions. However, comparing with the
previous formula Eq. (5), which has simple poles at the centers
of the skyrmions, we choose a different representation in the
form

f3q =
(

1
fϕ=0

+ 1
fϕ=2π/3

+ 1
fϕ=4π/3

)−1

. (17)

Parameter m now defines the shape of skyrmions and k deter-
mines the cell parameter of skyrmion lattice.

In contrast to the combination of two functions, e.g., f2q =
(( fϕ=0)−1 + ( fϕ=2π/3)−1)−1, where an arbitrary value of β
could be effectively put to zero by an appropriate shift of
the origin, the addition of the third helix in Eq. (17) makes
the choice of β not harmless. As can be seen in Fig. 1, two
different configurations of lines of zeros appear, depending
on β = π or β = 0, corresponding to different topological
charge Q per (rhombic) unit cell: for the honeycomb case with
Q = 2, and for the kagomé case with Q = 3.

Our calculation shows that such a construction of the triple
helix leads to the higher energy density as one can see from

FIG. 2. Density energy for the Hamiltonian Eq. (2) and different
spin configurations.

Fig. 2, as compared both to the SkX ansatz from Sec. II and to
the variant of triple helix considered in the next subsection.
One can argue that the honeycomb lattice configuration in
Fig. 1(a) is not tightly packed, which enhances the inter-
skyrmion interaction contribution. Such an argument does not
hold for the kagomé configuration in Fig. 1(b), where centers
of skyrmions form a triangular lattice, similarly to our above
ansatz Eq. (5). Our calculation shows that the energy mini-
mization leads to very close estimates in density of topological
charge and of Zeeman energy contribution both for Eqs. (17)
and (5), whereas the sum of exchange and DMI energy terms
is significantly higher in the case of Eq. (17). The latter obser-
vation may be associated primarily with the inappropriate size
of individual skyrmions in the kagomé configuration, since
two out of three skyrmions in the unit cell appear too small
for any elliptic index m.

B. Normalized sum of three deformed helices

As discussed in Sec. III, a magnetic field deforms a helix
configuration into the more optimal configuration, called a
deformed helix or chiral soliton lattice, Eq. (14). It seems then
only natural to use a more general combination of three such
deformed helices Eq. (14), instead of the simple expression
Eq. (15). To be able to compare the energies of different con-
figurations, we should normalize the resulting magnetization:

S̃3q = S0ê3 + S̃ϕ=0 + S̃ϕ=2π/3 + S̃ϕ=4π/3

|S0ê3 + S̃ϕ=0 + S̃ϕ=2π/3 + S̃ϕ=4π/3|
. (18)

We call this expression (taken at β = 0) the deformed triple
helix (DTH) below.

The expression Eq. (18) has three variational parameters
for energy minimization: a pitch of helices, k, the elliptical
parameter, m, and the additional magnetization perpendicular
to the plane S0. In terms of the resulting SkX structure, the
pitch k defines the cell parameter of SkX, while both m and S0
determine the radius and shape of individual skyrmions. Some
analysis shows that S0 takes positive values and it is the major
parameter defining (and reducing) the size of skyrmions. The
role of m is only to adjust the shape of the configuration
Eq. (18); in contrast to single helix Eq. (13) with m " 1, the
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energy minimization by DTH ansatz Eq. (18) yields negative
values of m in the whole range of b. This might be the reason
that the energy difference, δρ, between configuration Eq. (18)
with m = 0 and the one with the optimal value of m < 0 is not
significant; it is δρ ≈ 0.005 at smaller b " 0.3 while δρ tends
to zero near b " 0.75.

The energy density found for such an optimal configuration
from Eq. (2) is plotted as a function of magnetic field in Fig. 2.
In this figure, we also show the energy found for the SkX
ansatz Eq. (5) and for the single deformed helix Eq. (14)
with optimal parameters. It is seen that at a low external
magnetic field bcr1 ! 0.25, the CSL configuration Eq. (14) is
energetically favorable and SkX is advantageous in the inter-
mediate region b ∈ (0.25, 0.8). In its turn, SkX is destroyed by
a magnetic field at bcr2 ≈ 0.8, when the uniform configuration
delivers the energy minimum. This calculation is in a good
agreement with previous works [10,27]. Two above variants
of triple helix in stereographic projection (honeycomb and
kagomé) are shown to be higher in energy.

V. COMPARISON OF THE MODELS

We observe in Fig. 2 that the difference in two descriptions,
in terms of SkXs and DTHs, becomes essential in the region
of relatively strong magnetic fields. More details can be found
in the analysis of the optimal modulation vector for SkXs
and DTHs, corresponding to inverse unit cell parameter of
SkX, (4π/a

√
3), and the pitch, k, respectively. The results

are presented in Fig. 2; it is seen that the DTH solution
becomes increasingly different from SkX in the region of high
magnetic fields, b ∈ (0.6, 0.8). In this region, the SkXs with
increasing unit cell parameter is eventually described as a
rarified gas of weakly interacting skyrmions, and a dissolution
or melting of SkXs happens at the critical field b = bc2. At the
same time, the DTH model predicts nearly the same value of
helical pitch up to b " 0.73 when the uniform ferromagnetic
(FM) state becomes lower in energy. Considering the density
of topological charge p = k2

√
3/8π2 as an order parameter

in the skyrmion phase, one can say that the transition to
the FM state in the DTH model corresponds to p abruptly
changing to zero. It is instructive to compare this conclusion
with SkX ansatz Eq. (5), where the energy of two skyrmions
placed at the distance R from each other behaves [22] as
E2 " 2x + A exp(−R/$), with x ∼ b − bc2, correlation length
in the FM state $ = b−1/2 and A ∼ 1. Minimization of the
energy density, ∼[x + 3A exp(−R/$)]/R2 with respect to R
leads to ρ depicted in Fig. 2. It also leads to the dependence
of topological charge p ∼ ($ ln(A/|x|))−2 and the pitch k ∼
($ ln(A/|x|))−1 in the vicinity of b = bc2. We show the fit by
the latter dependence in Fig. 3 by the red dashed line. The
dependence of p on b near bc2 looks qualitatively the same
and we do not show it here.

Note that Fig. 2 indicates the transitions from SkX phase
to helical and FM states at bc1 = 0.25 and bc2 = 0.8, respec-
tively. According to the recent findings in Ref. [24], additional
transitions from skyrmion-solid to skyrmion-hexatic and later
to skyrmion-liquid phases happen at intermediate fields in
thin films of Cu2OSeO3 compound. If we associate the up-
per critical field found in Ref. [24] at low temperatures with
bc2, then we obtain the values for the additional transitions

0.3 0.4 0.5 0.6 0.7 0.8
0.5

0.6

0.7

0.8

0.9

1.0

FIG. 3. Optimal value of modulation vector for triple helix and
SkX for different values of b. The red dashed line is the fit of SkX
values of k as described in text.

to be b = 0.54 and b = 0.64, respectively. Comparing these
numbers with our Fig. 3, we see that deviations between our
DTH and SkX description happen at higher fields, which cor-
respond to the skyrmion-liquid phase in terms of Ref. [24]. We
saw that SkX modeling Eq. (5) provided a better description at
higher fields in terms of the energy. We point out an additional
advantage of this description in the anticipated skyrmion-
liquid phase, because the SkX modeling with Eq. (5) does
not require a long-range ordering in positions of skyrmions,
in contrast to DTH and other regular helical structures.

FIG. 4. Maps of predicted intensities for neutron scattering elas-
tic cross section for different magnetic fields, b. Delta functions
in (20) are approximated by Gaussians. All maps are scaled to the
intensity of the first Bragg peaks.
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Energy and Lagrangian
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energy minimization by DTH ansatz Eq. (18) yields negative
values of m in the whole range of b. This might be the reason
that the energy difference, δρ, between configuration Eq. (18)
with m = 0 and the one with the optimal value of m < 0 is not
significant; it is δρ ≈ 0.005 at smaller b " 0.3 while δρ tends
to zero near b " 0.75.

The energy density found for such an optimal configuration
from Eq. (2) is plotted as a function of magnetic field in Fig. 2.
In this figure, we also show the energy found for the SkX
ansatz Eq. (5) and for the single deformed helix Eq. (14)
with optimal parameters. It is seen that at a low external
magnetic field bcr1 ! 0.25, the CSL configuration Eq. (14) is
energetically favorable and SkX is advantageous in the inter-
mediate region b ∈ (0.25, 0.8). In its turn, SkX is destroyed by
a magnetic field at bcr2 ≈ 0.8, when the uniform configuration
delivers the energy minimum. This calculation is in a good
agreement with previous works [10,27]. Two above variants
of triple helix in stereographic projection (honeycomb and
kagomé) are shown to be higher in energy.

V. COMPARISON OF THE MODELS

We observe in Fig. 2 that the difference in two descriptions,
in terms of SkXs and DTHs, becomes essential in the region
of relatively strong magnetic fields. More details can be found
in the analysis of the optimal modulation vector for SkXs
and DTHs, corresponding to inverse unit cell parameter of
SkX, (4π/a

√
3), and the pitch, k, respectively. The results

are presented in Fig. 2; it is seen that the DTH solution
becomes increasingly different from SkX in the region of high
magnetic fields, b ∈ (0.6, 0.8). In this region, the SkXs with
increasing unit cell parameter is eventually described as a
rarified gas of weakly interacting skyrmions, and a dissolution
or melting of SkXs happens at the critical field b = bc2. At the
same time, the DTH model predicts nearly the same value of
helical pitch up to b " 0.73 when the uniform ferromagnetic
(FM) state becomes lower in energy. Considering the density
of topological charge p = k2

√
3/8π2 as an order parameter

in the skyrmion phase, one can say that the transition to
the FM state in the DTH model corresponds to p abruptly
changing to zero. It is instructive to compare this conclusion
with SkX ansatz Eq. (5), where the energy of two skyrmions
placed at the distance R from each other behaves [22] as
E2 " 2x + A exp(−R/$), with x ∼ b − bc2, correlation length
in the FM state $ = b−1/2 and A ∼ 1. Minimization of the
energy density, ∼[x + 3A exp(−R/$)]/R2 with respect to R
leads to ρ depicted in Fig. 2. It also leads to the dependence
of topological charge p ∼ ($ ln(A/|x|))−2 and the pitch k ∼
($ ln(A/|x|))−1 in the vicinity of b = bc2. We show the fit by
the latter dependence in Fig. 3 by the red dashed line. The
dependence of p on b near bc2 looks qualitatively the same
and we do not show it here.

Note that Fig. 2 indicates the transitions from SkX phase
to helical and FM states at bc1 = 0.25 and bc2 = 0.8, respec-
tively. According to the recent findings in Ref. [24], additional
transitions from skyrmion-solid to skyrmion-hexatic and later
to skyrmion-liquid phases happen at intermediate fields in
thin films of Cu2OSeO3 compound. If we associate the up-
per critical field found in Ref. [24] at low temperatures with
bc2, then we obtain the values for the additional transitions
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FIG. 3. Optimal value of modulation vector for triple helix and
SkX for different values of b. The red dashed line is the fit of SkX
values of k as described in text.

to be b = 0.54 and b = 0.64, respectively. Comparing these
numbers with our Fig. 3, we see that deviations between our
DTH and SkX description happen at higher fields, which cor-
respond to the skyrmion-liquid phase in terms of Ref. [24]. We
saw that SkX modeling Eq. (5) provided a better description at
higher fields in terms of the energy. We point out an additional
advantage of this description in the anticipated skyrmion-
liquid phase, because the SkX modeling with Eq. (5) does
not require a long-range ordering in positions of skyrmions,
in contrast to DTH and other regular helical structures.

FIG. 4. Maps of predicted intensities for neutron scattering elas-
tic cross section for different magnetic fields, b. Delta functions
in (20) are approximated by Gaussians. All maps are scaled to the
intensity of the first Bragg peaks.
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Взаимодействие между скирмионами есть не что
иное, как разница между энергией всей конфигура-
ции и суммой энергий отдельных скирмионов:

U = H




∑

j

fj



−
∑

j

H[fj]. (14)

Выражение (3) для H[f ] весьма громоздкое и приво-
дит к возникновению как парного взаимодействия,
так и заметного по величине тройного взаимодей-
ствия скирмионов. Взаимодействие последнего типа
может оказаться важным для стабилизации решетки
скирмионов.

Парное взаимодействие двух скирмионов одина-
кового масштаба z0, расположенных на расстоянии a
друг от друга, мы определяем следующим образом:

U2(z0, a) = H [f1 + f2]−H[f1]−H[f2]. (15)

Если положить радиусы скирмионов радиусам, най-
денным для одиночных решений, то отталкивающее
взаимодействие окажется весьма большим, а имен-
но, ∼C для R ∼ |z0|, см. рис. 4. Для фиксированного

Рис. 4. (Цветной онлайн) Парное и непарное взаимодей-
ствие скирмионов с z0 = k для b = 0.6, верхняя и ниж-
няя кривая, соответственно. Вертикальная линия отме-
чает величину взаимодействия при расстоянии между
скирмионами, равном двум радиусам одиночного скир-
миона “2k”

a минимум энергии достигается “сжатием” скирмио-
нов, что с одной стороны увеличивает энергию каж-
дого из них в отдельности, но уменьшает взаимодей-
ствие между ними.

Мы нашли, что энергия двух скирмионов в еди-
ницах C примерно равна (ср. (12))

E2 # 2ã1 + 2ã3(x− 1)2 + u2x4 exp (2r0 − a)/!, (16)

ã1 = a1 − ã3, ã3 =
a22
4ba3

, x = |z0|/r0,

где ã1 # −5, ã3 # 20, u2 # 3.6 при значении b = 0.6;
последнее слагаемое в (16) соответствует U2(z0, a).

Тройное взаимодействие вычисляется сходным
образом, оно зависит от нескольких расстояний меж-
ду скирмионами. Для простоты мы ограничиваемся
обсуждением непарного взаимодействия для скирми-
онов, расположенных в вершинах правильного тре-
угольника. Результаты для трех скирмионов можно
здесь опустить и сразу перейти к конфигурации че-
тырех скирмионов, расположенных в вершинах ром-
ба с ребром a. Такая конфигурация образует элемен-
тарную ячейку в скирмионном кристалле, как по-
казано на рис. 1, с параметром ячейки a и радиу-
сом скирмионов |z0|, соответствующим оптимально-
му значению для единичного скирмиона. Непарное
взаимодействие может быть представлено в виде:

U3(a) = H




∑

j=1,...4

fj



− 4H[f1]− 5U2(a). (17)

Оно оказывается достаточно велико и имеет харак-
тер притяжения, см. рис. 4. Было найдено, что энер-
гия взаимодействия четырех скирмионов, располо-
женных в вершинах ромба на рис. 1, с хорошей точ-
ностью совпадает с удвоенной энергией трех скир-
мионов в вершинах правильного треугольника, это
говорит о том, что взаимодействием двух самых
удаленных друг от друга скирмионов можно прене-
бречь.

Все вышесказанное позволяет нам перейти к
рассмотрению гексагональной решетки скирмионов.
Следует учесть, что каждый скирмион принадлежит
четырем соседним элементарным ячейкам, а четыре
из пяти вкладов парных взаимодействий относятся
к двум соседним ячейкам. Таким образом энергия,
приходящаяся на одну ячейку, дается выражением

Ecell = H[f1] + 3Ua(a) + U3(a). (18)

Вычисление плотности энергии на элементарную
ячейку приводит к хорошему численному согласию с
предыдущими расчетами плотности энергии для од-
ного скирмиона на диске, что говорит в пользу вы-
бранного нами анзаца (13).

5. Полученные нами выражения позволяют рас-
смотреть низкоэнергетическую динамику решетки
скирмионов. Одним из возможных способов это сде-
лать является рассмотрение вариации аргумента

функции F
(

z̄
z0

)
→ F

(
z̄+δz̄
z0

)
, так что

δz̄ = ε0z̄ +
∑

m≥1

(εmz̄m+1 + ε−mzm−1) (19)
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где ã1 # −5, ã3 # 20, u2 # 3.6 при значении b = 0.6;
последнее слагаемое в (16) соответствует U2(z0, a).

Тройное взаимодействие вычисляется сходным
образом, оно зависит от нескольких расстояний меж-
ду скирмионами. Для простоты мы ограничиваемся
обсуждением непарного взаимодействия для скирми-
онов, расположенных в вершинах правильного тре-
угольника. Результаты для трех скирмионов можно
здесь опустить и сразу перейти к конфигурации че-
тырех скирмионов, расположенных в вершинах ром-
ба с ребром a. Такая конфигурация образует элемен-
тарную ячейку в скирмионном кристалле, как по-
казано на рис. 1, с параметром ячейки a и радиу-
сом скирмионов |z0|, соответствующим оптимально-
му значению для единичного скирмиона. Непарное
взаимодействие может быть представлено в виде:

U3(a) = H




∑

j=1,...4

fj



− 4H[f1]− 5U2(a). (17)

Оно оказывается достаточно велико и имеет харак-
тер притяжения, см. рис. 4. Было найдено, что энер-
гия взаимодействия четырех скирмионов, располо-
женных в вершинах ромба на рис. 1, с хорошей точ-
ностью совпадает с удвоенной энергией трех скир-
мионов в вершинах правильного треугольника, это
говорит о том, что взаимодействием двух самых
удаленных друг от друга скирмионов можно прене-
бречь.

Все вышесказанное позволяет нам перейти к
рассмотрению гексагональной решетки скирмионов.
Следует учесть, что каждый скирмион принадлежит
четырем соседним элементарным ячейкам, а четыре
из пяти вкладов парных взаимодействий относятся
к двум соседним ячейкам. Таким образом энергия,
приходящаяся на одну ячейку, дается выражением

Ecell = H[f1] + 3Ua(a) + U3(a). (18)

Вычисление плотности энергии на элементарную
ячейку приводит к хорошему численному согласию с
предыдущими расчетами плотности энергии для од-
ного скирмиона на диске, что говорит в пользу вы-
бранного нами анзаца (13).

5. Полученные нами выражения позволяют рас-
смотреть низкоэнергетическую динамику решетки
скирмионов. Одним из возможных способов это сде-
лать является рассмотрение вариации аргумента

функции F
(

z̄
z0

)
→ F

(
z̄+δz̄
z0

)
, так что

δz̄ = ε0z̄ +
∑

m≥1

(εmz̄m+1 + ε−mzm−1) (19)

Письма в ЖЭТФ том 109 вып. 3 – 4 2019

U2

U3

Part 1



Semiclassical method

f(t, z, z̄) = f0(z, z̄) + δf(t, z, z̄)

ℒ[ f0 + δf ] = ℒ[ f0] + δf ℒ1[ f0]+
1
2 δf δf ℒ2[ f0] + …

f(r) = f0 + (1 + f0 f̄0) ψ(r − R(t))

ℒ =
1
2

(ψ̄, ψ) (−i (∂t 0
0 −∂t) − ℋ̂) (ψ

ψ̄)

Overall translation  = «Zero mode»R(t) Linear spin-wave theory

Part 1I



Equations of motion

ℋ̂ = ((−i∇ + A)2 + U V
V* (i∇ + A)2 + U)

U = − 4
∂z f∂z̄ f̄ + ∂z f̄∂z̄ f

(1 + ff̄ )2
+ b

1 − ff̄
1 + ff̄

+ {
2i( f2∂z f̄ + ∂z f − ∂z̄ f̄ − f̄ 2∂z̄ f + 2iff̄ )

(1 + ff̄ )2 }
V = 8

∂z f∂z̄ f(1 − 2ff̄ ) + f(1 + ff̄ )∂z∂z̄ f
(1 + ff̄ )2

− {
4i(3f2∂z f − ∂z̄ f(1 − 2ff̄ ))

(1 + ff̄ )2 } − b
2f2

1 + ff̄

Ax =
if∂x f̄ − if̄∂x f

1 + ff̄
+ { 4 Ref

1 + ff̄ } (ϵn σ3 − ℋ̂)(un
vn) = 0

``Bogoliubov-de Gennes’’

Gauge vector potential

Any f providing extremum 

to the action

Bogoliubov spinor
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Spectrum: evolution with BPart 1I



Spectrum: types of deformation 

* Bogoliubov u-v spinors, 

most weight in the upper (u) component 

* Bloch function strongly varying in the unit cell

* behavior at centers of the skyrmions,  ψ ∼ exp imϕ

Deformations of skyrmions:

m=0   counterclockwise rotation 

m=1   breathing mode 

m=2   clockwise rotation, «zero mode»

m=3   elliptical deformation 

m=4   triangular deformation, etc.

Timofeev, Aristov,   PRB (2022)
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Visualization of excitations 
Part 1I



Dynamic susceptibility tensor 

Timofeev, Aristov,   JETP Letters (2023)

Part III



Uniform  dynamic susceptibility 

Timofeev, Aristov,   JETP Letters (2023)
Lines crossing,


«Closing of the gap» 

Part III



Spectral weight / Line intensity

Uniform  dynamic susceptibility 

Several resonance frequencies, in addition to three lowest ones

Lines crossing,

«Closing of the gap» 



The lowest (gyrotropic) energy mode

Goldstone mode = equal displacements 

of all skyrmions

      => 

Consider individual displacements

fSkX = f0 = ∑
n,m

f1(r − na1 − ma2)

fSkX = ∑
l

f1(r − r(0)
l + ul)

r(0)
l = na1 + ma2

fSkX ≃ f0 + ∑
l

ul ∇f1(r − r(0)
l )
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ℒ =
1
2

(ψ̄, ψ) (−i (∂t 0
0 −∂t) − ℋ̂) (ψ

ψ̄)
ℋ̂ = ((−i∇ + A)2 + U V

V* (i∇ + A)2 + U)

∑
l

ul ∇f1(r − r(0)
l ) = (1 + f0 f̄0) ψ(r)

(ψ
ψ̄) =

1
1 + f0 f̄0

∑
j (

∂z̄ fj, ∂z fj
∂z̄ f̄j, ∂z f̄j) (

u−
j

u+
j )

≡ ∑
j

𝒪j (
u−

j

u+
j )

ℒ =
1
2 ∑

lj
(u+

l , u−
l ) (−i𝒦̂lj∂t − ℋ̂lj) (

u−
j

u+
j )

𝒦̂lj = ∫ dr 𝒪†
l . σ3 . 𝒪j

ℋ̂lj = ∫ dr 𝒪†
l . ((−i∇ + A)2 + U V

V* (i∇ + A)2 + U) . 𝒪j

u±
j = ux

j ± iuy
j
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Gyrotropic energy mode

ℒ =
1
2 ∑

lj
(u+

l , u−
l ) (−i𝒦̂lj∂t − ℋ̂lj) (

u−
j

u+
j )

•  depend only on 


• Expect the property 


•  decrease rapidly with distance 

• Thiele equation:   for all  :  

𝒦̂lj, ℋ̂lj r(0)
l − r(0)

j

∑j
ℋ̂lj = ∑l

ℋ̂lj = 0
𝒦̂lj, ℋ̂lj

u±
j = 0 j ≠ l

𝒦llux
l

·uy
l − h1((ux

l )2 + (uy
l )2)

ux
j ± iuy

j = ∑
q

eiqrju±
q

ℒ =
1
2 ∑

q
(u+

−q, u−
−q) (−i𝒦̂q∂t − ℋ̂q) (

u−
q

u+
q )

𝒦̂q = (π + k1γs(q))σ3

ℋ̂q = ( h1γs(q), h2 γ*d (q)
h2 γd(q), h1γs(q) )
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Gyrotropic energy mode

ℒ =
1
2 ∑

q
(u+

−q, u−
−q) (−i𝒦̂q∂t − ℋ̂q) (

u−
q

u+
q )

𝒦̂q = (π + k1γs(q))σ3

ℋ̂q = ( h1γs(q), h2 γ*d (q)
h2 γd(q), h1γs(q) )

γs(q) = ∑
d

e−iqd − 6 = 2 (2 cos
3

2 qxa cos 1
2 qya + cos qya − 3)

γd(q) = ∑
d

e−iqde2iϕd = 2 (cos
3

2 qxa cos 1
2 qya − cos qya − i 3 sin

3
2 qxa sin 1

2 qya)

ϵq =
(h2

1γ2
s (q) − h2

2 |γd(q) |2 )1/2

π + k1γs(q)

det(ω𝒦̂q − ℋ̂q) = 0

u±
q (t) = eiωtu±

q

Equation of motion

Dispersion 
relation

Part IV



ϵq =
(h2

1γ2
s (q) − h2

2 |γd(q) |2 )1/2

π + k1γs(q)

ϵq ≃ 3
4π q2a2 4h2

1 − h2
2 ≡ 𝒜q2

Gyrotropic energy modePart IV



Gyrotropic  energy mode, Green’s function 

ℒ =
1
2 ∑

q
(u∥

−q, u⊥
−q) (

−A∥q2, −2π∂t

2π∂t, −A⊥q2) (
u∥

q

u⊥
q )

A∥ = − 3
2 (2h1 + h2)a2 , A⊥ = − 3

2 (2h1 − h2)a2

For phonons: longitudinal and transverse sound modes


Now  is canonically conjugate to 


Second quantization:   

u⊥
−q u∥

q

[u∥
q,2π u⊥

−q] = iℏ
u∥

q =
1

4πϰ
(c†

qeiϵqt + c−qe−iϵqt)

u⊥
q = i

ϰ

4π
(c†

qeiϵqt − c−qe−iϵqt)

ϰ = A∥/A⊥ ≃ 1.98

Only one sort of bosons (would be two for phonons) 

Part IV



u∥
q =

1

4πϰ
(c†

qeiϵqt + c−qe−iϵqt)

u⊥
q = i

ϰ

4π
(c†

qeiϵqt − c−qe−iϵqt)

G(t, q) = − iϑ(t)(
[ux

−q(t), ux
q], [ux

−q(t), uy
q]

[uy
−q(t), ux

q], [uy
−q(t), uy

q])

(
ux

q

uy
q) = (

cos ϕq, −sin ϕq

sin ϕq, cos ϕq ) ⋅ (
u∥

q

u⊥
q )

G(t, r) =
3a2ρ

4π2r2 [−cos(ρ)
ϰ + ϰ−1

2 (1,0
0,1) + sin(ρ)( 0,1

−1,0)
+F(ρ)

ϰ − ϰ−1

2 (cos 2ϕ, sin 2ϕ
sin 2ϕ, −cos 2ϕ)]

F(z) = cos z − sin z /z, ρ =
r2

4t𝒜

For t𝒜 ≫ ra, r ≫ a

Gyrotropic  energy mode, Green’s function Part IV



Заключения и перспективы
• Скирмионное основное состояние магнетиков без центра инверсии обладает «топологическим 
зарядом». Удобно представлять такое состояние суммой образов* отдельных скирмионов с 
единичным зарядом (* в методе стереографической проекции). 


• Метод стер.про. надежно определяет 1) энергию основного состояния и 2) спектр возбуждений 
скирмионного кристалла (СкК)


• Построена эффективная теория для некоторых низколежащих возбуждений СкК

• Показан топологический переход в спектре магнонов СкК


• Плавление скирмионной решетки ? 

• Аномалии в холловской теплопроводности СкК ? 

• Краевые магнонные состояния внутри СкК ? 

• Магнетоупругий резонанс ?  


