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Jlndpakmmonnas kaptuHa ¢ ockio 10(5) (Shechtman et al., Phys.Rev.Lett. 1984)
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JludpakimoHHbBIC KAPTUHBI C CHUMMETpUe 2,3,5 (Shecht_man Qt aI.,‘ PhyS.ReV.Lett.1984)_
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FIG. 1. Stereographic projection of the symmetry ele-
ments of the icosahedral group m35.

79.2° 58.29° 37.38"°

FIG. 2. Selected-area electron diffraction patterns taken from a single grain of the icosahedral phase. Rotations match
those in Fig. 1.
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Fig. 1.12. Shechtman’s notebook, in which the discovery of the icosahedral phase
was written down: April 1982. (Courtesy Dan Shechtman)
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TABLE I. The meridional (P-P) diffraction maxima of the MnAlg icosatwin fivefold-axis
ED photograph (Ref. 3). Values of intensity, /; radius, R; observed and calculated interplanar
distances, dgps and dcac; and indices. Scale Rd =75.6 mm A, a9=23.36 A.

I R (mm) dobs (A) deaic (A) hkl
1 VVVW 9.1 8.3 8.26 220
2 w 14.0 5.40 5.51 330
3 S 22.8 3.32 3.304 550
4 Vs 36.6 2.066 2.065 880
5 VVW 45.5 1.662 1.652 10100
6 VVVW 50.5 1.497 1.502 11110
7 S 59.2 1.277 1.271 13130
8 w 73.2 1.033 1.032 16160
9 VVW 81.8 0.924 0.918 18180
10 w 95.6 0.791 0.787 21210




Kpucramaorpapudeckue u
HEKPUCTAIIOTPa(PUICCKUEC

TOUYCYHBIC CUMMCTPHNH
® Kpuctannorpaguyeckme

ANNNELS

Tempa3dp Okma3dp

® Hekpucrtannorpadguyeckue

Ukocozdp  Lodexa3dp



HemHoro ucropuu...

[MpaBubHble MHOroOrpaHHMKN ObINM N3BECTHBI ewe B [dpeBHen [peunn n gaxe
B KAMEHHOM BEKe.

[Mpuaymatb NpaBuiibHblE MHOFOrpaHHWKK, MO-BUAUMOMY, ObINO HETPYAHO:
4yaCTb M3 HUX — OTO OopMbl MPUPOOHLIX KpucTanmoB. Hanpumep,
MOHoKpucTann nosapeHHon conu (NaCl) — aTo kyb6.

CyLiecTByeT nNpeanosioxXeHne, 4YTo AoAdeKasap [OPEBHUE T[PEKN YyBUAOENM,
paccmartpusasa kpuctannbel nuputa (FeS,), annpokcumaHT! ViMesa pnopgexkasagp,
HEeCMNOXHO MoNy4YnTb MKOCad4p:. ero BeplunHamMu SBMAKTCH LEHTPbl rpaHeu
gopekaagpa.

Y [OpeBHerpedeckoro Mbicnutens [lnatoHa 4YeTblpe  MHOrorpaHHuka
ONNLETBOPANN YETbIPE CTUXUMN:

v Kyo — 3em.110,
i ’

v uKoca’op — 800y,

) v A dodexasadp oauuemeopan
BCE MUPO3/IAHUE (uau namulil 3aemMeHm, KBUHMICCeHUU).



| peueckas
¢u3rKa Mupa
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- u3 «Fapmonuu mupa» Kermnena (Keoler. 1619)

Puc. 1.1. T1a9TL IIATOHORBBLIX TET U UeTLIDE 2JIeMEHTA



[IpuBeT OT KpUCTAILIOrPA(POB HEOJIMTA

28 [JIABA 1. BeeneHue

Puc. 1.2. Kamuu u3 loTiananu 3moxm HEOJIUTa, MOKPLITbIE Pe3b00il, COOTBETCTBYIOLICH MPaBUIbLHBIM

MHOrorpaHHukKaM, myseil Auimojiead, Oxkchopa. Mx HazHaueHue HeusBecTHO. Moto ['paxema Yamnu-

¢ypa w1 kuurn Kputunoy (Critchlow, 1979). BocnipousseneHo ¢ jaw0e3Horo paspeuieHus: ['psxema
Yannmudypa u Keiit Kputuioy



DKCHEePUMEHTAILHO HAOIH0JAINCh:
& nKocaagpuyeckume: ocu 5,3,2, NIOCKOCTU M
& NeHTaroHanbHbl€: OCb 5
& OKTaroHarnbHble: OCb 8
& nekaroHasnbHble: ocb 10
& JogekaroHarnbHble: ocb 12

MPUAKOHMAIOD




MOHOKBa3MKPUCTAILJIBI:
MKOCA’ APHUUYECKUU U I€KAarOHaJIbHbIN
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[IEPUOANYECKAL,. . ., AIICPUOJANICCKAS. . .

® nepuogunyeckada: f(x)=Zf exp(inx)
& KBasunepuoanyeckas:

fO)=2 1, meXplix(nk;+...+n,K,)], T.€. HECKOMBKO
B3aMHO HECOpa3MEpHBIX MEePHUO0B

Takyro (yHKIMIO MOXKHO IIPEACTABUTH KAK CEUCHUE
MHOTOMEPHOM NMepuoaAnYecKor QyHKIINN

f(Xy, X)) =Z T €XPL(N X, A7 X) ]
JIMHUEH, 3aJTaHHOW YpaBHEHUSAMHU X, =KX, ..., X =K X
@ NOoYTU nepuognyeckad. m=



Quasiperiodicity: another type of long-range order 41

LW

F1G. 1.30 Illustration of the cut-projection method. The basis associated with the
2-dim square lattice is a single line segment perpendicular to the physical 1-dim space.
The cut of this 2-dim structure by R, is a Fibonacci chain.
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Quasiperiodicity: another type of long-range order 39

IRRATIONAL SLOPE

FIG. 1.28 A 1-dim illustration of the strip/projection method. The slope of R, is

irrational. Sites of the portion of the square lattice inside the strip project on R, in

a perfectly ordered non-periodic structure made of two tiles of incommensurate sizes.
With a slope of R, equal to 7, the Fibonacci chain is obtained.



Figure 2.9. lllustration in d +n = 2 dimensions of the crystallography of periodically modulated and
quasicrystalline materials. A 2D square lattice projects onto a line X either as a 1D periodic structure
when the slope of X is rational (upper left corner) or as an incommensurate aperiodic structure when
the slope is irrational (central part).



AnnpokcnmaHTbl PnboHa4Y4n
1/0: A AAAAAAA [TOJICTAHOBKA: A—>AB, B—A

1/1: AB.AB.AB.AB.AB.AB.AB.AB.AB.AB
2/1: ABA.ABA.ABA.ABA.ABA.ABA.ABA
3/2: ABAAB.ABAAB.ABAAB.ABAAB

5/3: ABAABABA.ABAABABA.ABAABABA

T : ABAABABAABAABABAABABAABAAB

Yucna ®uodonavun: F . ,=F ,,+F., F,=0, F;=1;
0,1,2,3,5,8,13,21,34,55,89,... T=(1+5Y2)/2=1.618034



Quasiperiodicity: another type of long-range order 39

IRRATIONAL SLOPE

a
Rpar=M+TN, R ,=TmM-n;
FI1G. 1.28 A 1-dim illustration of the strip/projection method. The slope of R, is
irrational. Sites of the portion of the square lattice inside the strip project on R, in

a perfectly ordered non-periodic structure made of two tiles of incommensurate sizes.
With a slope of R, equal to 7, the Fibonacci chain is obtained.



Quasiperiodicity: another type of long-range order

" Penrose

(a)
2

(b)
(1.0 — 7 0
0 (’I' ,0,"1)
{0,0,0) (0,1,71)

(0,00}

FIG. 1.23 Schematic of (a) prolate and (b) oblate rhombohedra that can be used for
3-dim Penrose tiling. Vertex coordinates are given in a frame of three orthogonal
2-fold axes of a regular icosahedron.

F1G. 1.24 Electron diffraction pattern of an AIMn quasicrystal (5-fold zone axis)
(a) compared with the computed Fourier pattern of a 3-dim Penrose tiling (b) and
as obtained perpendicular to a 5-fold axis.

0-MepHOE
IPOCTPAHCTBO

FiGc. 1.21 Two-dimensional Penrose tiling with two lozenges as unit cells and edge
matching rules (see text).
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F1G. 1.24 Electron diffraction pattern of an AIMn quasicrystal (5-fold zone axis)
(a) compared with the computed Fourier pattern of a 3-dim Penrose tiling (b) and
as obtained perpendicular to a 5-fold axis.

Qpar=(M, TN )x+(my+tn, )y +(m,+1n,)z
Qperp :(me'nx)X+(Tmy'ny)y 'I'(Tmz'ﬂz)Z
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Fig. 2. Kepler's Aa tiling: (a) original patch [2]; (b) computed patch based upon the acceptance domamn; (c) acceptance domain. Fig 3. A modified version of the Aa tiling: (a) tiling: (b) acceptance domain



CBOMCTBA KBAa3UIIEPUOIUUYCCKAX CTPYKTYP
® Kaxapii aTOM MMEET YHUKAJTBHOE OKPYKCHHUE

® CKoJIb YTOAHO OOIBIINE KYCKH OBTOPSIOTCS
OCCKOHEYHOE YMCIIO Pa3

@ [lonsarue cummerpuu uamensiercs! Hanpumep,
[IpHU OBOPOTE MOKHO COBMECTUTH CKOJIb YTOJHO
OOJIBIIIME KYCKH, HO HE BCIO CTPYKTYDPY.

® Camonogooue (MHOIAIMS)

® Da3zoHHAag CBOOOIA; HECYETHOE MHOKECTBO
MaKpPOCKOIMMYECKU SKBUBAIICHTHBIX CTPYKTYP

® JludpakoHHAs KAPpTUHA COCTOUT U3 O-IHUKOB,
HO OHA BCIOJIy IJIOTHASI B 00paTHOM IIPOCTPAHCTBE



I 1e HaXOoOATCS aTOMBI?
Kak aTroMsl y3HarOT CBOM MeCTa?

® ANNpoKcuMaHTbI B cnflaBax C U3BECTHOW
KpUCTann4yeckom CTpyKTypou

® lndpakuma HEUTPOHOB C N3OTOMHbLIM
3amMelleHnem

® AHanna EXAFS (nokarnbHoe OKpy»XeHune)

® PeHTreHoCTpYKTYpPHbIN aHanm3 atoMHbIX
NOBEpPXHOCTEN B NepneHaNKynapHOM
NPOCTpaHCTBE

® Mopenu POCTA KBA3UKPUCTAlII10B



1/1 anmpoxcumant (Bergman), a<~14 A

JEGLIC et al.

@ (b)

Mg, (ALZN) g

¢ AllZn
¢ Mg

= 160 atomoB Ha OLIK auenky

PHYSICAL REVIEW B 75, 014202 (2007)

FIG. 7. (a) Six successive shells of the Berg-
man icosahedral cluster (see text). (b) The struc-
ture of the Bergman phase is obtained by a body-
centered packing of these clusters by sharing a
hexagonal plane of the fourth shell (the soccer
ball).



1/1 anmmpokcumanT (Mackay), a~12.5 A

SIMONET et al.

cluster located at (0, 0, 0)

icosahedron icosidodecahedron

12 atoms (2) 24 atoms (3) e

[2.4A] + 6 atoms (4) ®
[47A]

icosahedron
12 atoms (5)
[4.7A]

PHYSICAL REVIEW B 72, 024214 (2005)
cluster located at (1/2, 1/2, 1/2)
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rhombicosidodecahedron
12 atoms (11) ® + 24 atoms (12)
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icosahedron
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icosahedron icosidodecahedron icosahedron
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b
a
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FIG. 2. Atomic structure of the clusters with icosahedral symmetry centered at (0, 0, 0) and (1/2, 1/2, 1/2) in 1/1 approximants in the
Al(Si)-Cu-Fe system. For each cluster, the concentric shells with increasing size are shown separately. The crystallographic sites used to
build each shell are indicated. Their labels (numbers within parentheses) follow the notations of Tables I and III. The average radius of the
shell is indicated. In the a-Al(Si)-Cu-Fe approximant, an additional atom (not represented in the figure) occupies the (0, 0, 0) position and
induces an important disorder in the first shell, which looses its icosahedral character. The chemical decoration of these clusters is given in

Table I.
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DJIEKTPOHHAS TU(PPAKLIMS B KBA3UKPHUCTAILIEC

F1G. 1.24 Electron diffraction pattern of an AIMn quasicrystal (5-fold zone axis)
(a) compared with the computed Fourier pattern of a 3-dim Penrose tiling (b) and
as obtained perpendicular to a 5-fold axis.
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Fig. 3. — Universal pseudo-fivefold electron-diffraction pattern of the Fibonacci crystals



Jlnbpaknronnas kaptuHa ¢ cummerpueiri??? (Shechtman et al., Phys.Rev.Lett. 1984)
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Fig. 7. — The deviations of cubic reflections from their icosahedral positions in different Fibonacci
crystals : (A) for the twofold {2 F;,0,0} reflections and (B) for the pseudo-twofold {F;,, F;, F;_,}



AnmnpoxcumanTt MnSi, ctpykrypa B20,
IPOCTPAHCTBEHHAs rpymnmna P2,3

X, X, X,
X =0.846 (0.845)

X,,-=0.138 (0.155) 72,1,01

Fig. 6. — Idealized MnSi structure. Cube with the inscribed dodecahedron shows the unit-cell

dimensions (conventional unit cell has another origin [20]). Full circles : A-atoms and empty circles : B-
atoms. Atom 1 is at the center of the cube and atom 1’ is at the cube diagonal ; the rest atoms are at the

cube faces.
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Al-Mg-Zn, Pa3 space group,

about 704 atoms
S. Spiekermann, G. Kreiner, 1998

Ca-Cd, Pa3 space group,

about 712 atoms
C.P. Gomez, S. Lidin, 2001

Fig. 1: Each unit cell of the 2/ 1-approximant
contains eight Bergman clusters.




Al-Rh-S1, Pm3, about 563 atoms

Rh
7o Rh
0% Rh
- 25% Rh
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Fig. 4. Atomic clusters exist at the body center (top panel) and vertices (bottom panel) in the unit cell of the AlgsRha5ig 2/1-211-2/1 approximant.
Atomic arrangements on the triangular faces of each icosahedral atomic shell are shown below each atomic shell. Open circles and filled circles
indicate (Al 5i) and Rh atoms, respectively. The atomic sites in which Al and Re coexist together are expressed as gray circles. The depth of the gray
color indicates the Re occupancy in each mixed site; the darker the color is, the more the Re exist. The triangles decorated by circles indicate the atom
arrangements on the triangular faces of the icosahedral cluster shells, Mote that the seven atoms on the faces along the[1 1 1] direction in the fifth shell
of the larger cluster centered at the body center are shared by the third shell in the small cluster centered at the vertices. Seven atoms constructing
hexagons in the triangular surfaces of the outermaost shells in the large cluster at body center of the unit cell are shared with the outermost shells in the
small icosahedral clusters at vertices.
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Fig. 1.17. Specimen of icosahedral HoMgZn. Quasicrystals may have the shape
of a dodecahedron. Six Miller indices are needed in this case. Photograph

courtesy of I. R. Fisher (Stanford) and P. C. Canfield (Ames Laboratory)
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Quasiperiodicity: another type of long-range order 39

IRRATIONAL SLOPE

a
Rpar=M+TN, R ,=TmM-n;
FI1G. 1.28 A 1-dim illustration of the strip/projection method. The slope of R, is
irrational. Sites of the portion of the square lattice inside the strip project on R, in

a perfectly ordered non-periodic structure made of two tiles of incommensurate sizes.
With a slope of R, equal to 7, the Fibonacci chain is obtained.



3d aToMHBIC TIOBEXHOCTH B —— IIPOCTPAHCTBE

(c) (b) (a)

FIG.4.24 Suggested atomic surfaces for the icosahedral AlFeCu system at sites
(@) ny, (b)) m,, and (¢) be,P? (courtesy of M. Quiquandon).



Photonic and
phononic
quasicrystals

materialstoday JULY-AUGUST 2006 | VOLUME 8 | NUMBER 7-8

Icosahedral photonic quasicrystal (white polymer structure) and a visualization of
the Brillouin zone of a three-dimensional quasicrystal (the ring with yellow lines
indicates nearly symmetrical zone boundaries). (Courtesy of Paul Steinhardt.)
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Figure 3 Silicon inverse quasicrystal. a, Electron micrograph showing the inverse
of the template depicted in Fig. 2a. b, Corresponding Laue diagram (compare
with Fig. 2b).
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Fig. 1. Band structure of the 1/0DR approximant. The Fijg, 2. Band structure of the 1/1DR approximant. The rela-
dielectric filling factor is f = 22.7%. and the relative permit-  tjve permittivity is € = 12 and the dielectric filling factor is
tivity 1s € = 12. The size of the complete band gap is f=23.8%. The size of the complete band gap is Aw/®,, =
Ao/, = 17.6%. 10.3%. |



BbiBOAObI

® Bnonne Bo3MoxHO, uT0 B Al;Mn IllexTman Habmrogan
anIpOKCUMaHThI. HO OTKpBLT KBa3UKPHUCTAILIEI!

@ llonHoro orBera Ha Borpoc «lloyemy pactyt
KBA3UKPHCTAJUIBI?» IMOKA HET.

® OYeBUIHBIX IPUMEHEHUN TOXKE HET.

® HyxHbI naeu u, MoxxeT ObITh, HoOeeBCcKkas npemusi
X CTUMYIIUPYET.

Cnacunbo!



OmnpeneiieHre NPpOCTPAHCTBEHHBIX
IPyHIl KyOMYECKUX alIIPOKCUMAHTOB
u (a3 pediaekcoB u3 treopuu Jlangay

2. IlompITagMes Teneph yCTAHOBMTD, K KAKHM HMEHHO KyGHUeCKMM' IPOCTPAHC TBEHHBIM rpynmnam
MOTr'YT IpHHA/UIeKaTh pACCMAaTPHBAECMbI€ CTPYKTYPBI. 1A 3T0r0 HCNONb3yeM ONMCaHWe Mepexoma
H30TpOIHAA XHOKOCT — KPUCTA/I B pAMKaX TeopuH JlaHaay, B KOTOpoi mapaMeTpom NopsnaKa
ABNAIOTCA Qypbe-TapMOHHMKH INTOTHOCTH PG %13, Xora Taxoit MOAXON, 3aBeJOMO He FOIUTCA 1A
KOMHYCCTBEHHOrO OIMCaHHA NMPOLeCcca KPACTAIUTH3AMH, MOXKHO HaleAThCA, YTO KAaYeCTBEHHBIE pe-
3YNbTaThl, TAKHE KAaK NPOCTPAHCTBEHHAA CHMMETPHA YIOPANOUeHHOH (a3bl M 3HaKH dypbe-rap-
MOHHK p OKaXYTCA NPABHIBHBIMU. TaK Kkak Hac HHTEPECYET CTPYKTYpa HU3KOTEMITEPATY PHOM
¢asbl, a He TeMIepaTypa Iepexofia, MsI BbIGEpeM cBOGOIHYIO0 3HEpruI0 F' B NIpOCTeifllieM BHJE

1 .
F=—fde(-p*+p*)y=— 3 - - ' .
pl = 4o 6,,6,°6176: =6 =C:F (B 26,P6:P64 -6, -6, -G,
G 1)

rae V —obveM, a p(r) — mwiotHocTs KpucTamia. PaccMorpum dyHkumonan (1) mna rpynm
T1-p23u T*-P2,3, KOTOpbI¢ ABNATCA NOATPYIIIAMH BCEX OCTANbHBIX Ky6uueckux rpymnm. Hc-

Pm3, Pa3, Im3, 12,3



Mauibie 1 CpeTHIE allIPOKCUMAHTHI

Table 1. Positions of atoms and icosahedral holes in cubic approximants with DLO

The hole marked by an asterisk is not icosahedral. Experimental values are given for the first compound of each approximant; for
a-AlMnSi we take those positions that are less distorted by the atoms in the i-holes.

Theoretical Experimental
Elser-Henley (z,y,z) coordinates (z,y,z) coordinates (N Ny N¢) or Six-dimensional

Label Examples notations in a unit cell in a unit cell (NgNa) indices
(1) FeSi /-1 ©0,00) 0,0,0) (068) 000000
AlPd (0.5,0.5,0.5) {0.5,0.5,0.5) (068) Q00111

(2/1) FeSi 0/1 (0.845,0.845,0.845) (0.844,0.844,0.844) (067; 111000
AlPd {0.155,0.155,0.155) (0.136,0.136,0.136) (067) 000000

{2/ l} b PdF; 0/1 (0.345,0.345,0.345) (0.343,0.343,0.343) (067) 000111
FeS, {0.655,0.655,0.655) {0.657,0.657,0.657) {067 000000

Pyrites (0,0,0) {0,0.0) - *hole

(3/2) AusNaSi 1/0 (0.095,0.095,0.095)  (0.097,0.097 0.097) (067 000000
AuiNaGe (0.214,0.095,0.405)  (0.226,0.133,0.408) (066) 001000
(0.405,0.405,0.405) (0.381,0.381,0.381) (39) t-hole

{5/3)a AlsLizCu /1 (0.191,0.191,0.191)  (0.187,0.187,0.187) (067) 000000
Mgz (AlZn)yy (0,0.118,0.191) {0,0.094,0.154) (075) 010000

AusNa;Si; (0,0.309,0.118) (0,0.305,0.117) (076) 010100

Au;zNa;Sn (0.118,0.191,0.382) (0.157,0.150,0.406) {066) 000001

(0.427,0,0.5) (0.404,0,0.5) (156) 110012

(0.191,0,0.5) (0.199,0,0.5) (058) 101001

(0.191,0.309,0) (0.175,0.301,00 (39) t-hole

(0,0,0) (0,0,0) (0,12) i-hole

{5_.'3} 1 a-AlMnSi /1 (0.118,0.191,0.309) (0.115,0.187,0.300) ({076) mﬁ@m
a-AlFeSi (0.50.191,0309)  (0.5,0.180,0.308) (067) 100100

ScsyRh)3 (0.5,0.118,0.118) (0.5,0.120,0.117 {065) 101100

Hfs540s;5 (0.118,0.118,0.118) (0.164,0.100,0) {067 001000

(0.5,0.5,0.118) (0.5,0.5,0.122) {156) 111110

(0,0,0.236) ? {156) 100010

(0,0,0) ? {068) 001111

(0.309,0,0.5) (0.250,0,0.5) (2,10) t-hole



INTENSITY AND WIDTH OF BRAGG REFLECTIONS 551

0.5~ (a)

- 1 ] \ -
14.70 14.72 14.74 14.76
O\/q0

Fig. 3. Diffraction peaks along the twofold symmetry axes:

(a) (000011) and (b) (000022). The curves were calcu-
lated alone all the fifreen twotold axves
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Fig. 4. Spectral width of reflections as a function of the
magnitude of the perpendicular wave-vector component Q |

for reflections located along the (a) fivefold and (b) twotold
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Kak moaBuTh poCcT Kpucrajuia?

<— KOOPAWHAIMOHHBIE CPEPHI B KBA3ZUKPUCTAIIIIE

<— [OTEHIMAJ B3aUMOJECHUCTBUS

<— pacCTOsIHUSA B MEPIEHAUKYISPHOM

POCTPAHCTBE



