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HemHoro ucropum...

[TpaBusibHbIE MHOTOrpaHHMKN ObINN M3BECTHBLI eLle B [lpeBHen [peumnn.

[MlpyugymaTb nNpaBuUilbHbIE  MHOrFOrPaHHWKK, MNO-BMAMMOMY, ObISo
HEeTPYOHO. 4YacTb W3 HUX — 3TO (POPMbl MPUPOAHLIX KPUCTamNoB.
Hanpumep, moHokpuctann nosapeHHon conu (NaCl) — ato ky0.

CywlecTByeT npeanonoXeHue, YTO [Jo4eKkasgp [APEBHUE peku
yBUOENN, paccMmatpuBasi kpuctannel nuputa (FeS,), annpokcumaHT!
Nvea poaekasgp, HECMOXHO MOMyYuTb WKOCAldAp:. ero BepLuMHamu
ABNAOTCA LEHTPbI rpaHen gogekasgpa.

Y papeBHerpeyeckoro Mbicnutens [natoHa 4YeTbipe MHOrorpaHHuka
ONULIETBOPSANIN YETbIPE CTUXUM:

v KYyo — 3emmo,
B ’

v UuKoca’odp — ooy,

+ A 0odexaadp oauyemeopsn
BCE MUPO3/IAHUE.




DKCIEPUMEHTAJILHO HAOJIH0JAJTHCh.
& pKkocasgpuyeckue: ocu 5,3,2, NNOCKOCTU M
@ NeHTaroHarnbHbIE: OCb 5
® OKTaroHarnbHbI€: OCb 8
@ nekaroHanbHble: ocb 10
@ npogeKkaroHanbHble: ocb 12

.......

MPUAKOHMAI 0P




[IEPUOANYECKAL,. .., ANEPHOANYCCKAS

® nepuoguyeckas: f(x)=2f exp(nx)
@ KBasunepuoguyeckas:

f()=2 f,; meXpix(nky+...+n K )], T.c. HECKONBKO B3aMMHO HECOPa3MEPHBIX
IEPHOJIOB

Takyto pyHKIIHIO MOYKHO MIPEJACTABUTH KaK CEYEHNE MHOTOMEPHOI MePUuOaANIeCKoil
(hyHKIIAM

f(xl’ Xn) anl .nm Xp[(n1X1+ +nme)]

JUHUEH, 3a1aHHON YpaBHEHUSIMU X, =K X, ..., X =K X

@ noytu nepuogmuyeckas: [T




Quasiperiodicity: another type of long-range order 41

SR

F1G. 1.30 Illustration of the cut-projection method. The basis associated with the
2-dim square lattice is a single line segment perpendicular to the physical 1-dim space.
The cut of this 2-dim structure by R, .. is a Fibonacci chain.
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FI1G. 1.28 A 1-dim illustration of the strip/projection method. The slope of R, is

irrational. Sites of the portion of the square lattice inside the strip project on R, in

a perfectly ordered non-periodic structure made of two tiles of incommensurate sizes.
With a slope of R, equal to 7, the Fibonacci chain is obtained.




Figure 2.9. [llustration in d +n = 2 dimensions of the crystallography of periodically modulated and
quasicrystalline materials. A 2D square lattice projects onto a line X either as a 1D periodic structure
when the slope of X is rational (upper left corner) or as an incommensurate aperiodic structure when
the slope is 1rrational (central part).




AnnpokcnmaHTbl PnboHa4Y4n
1/0 AAAAAAAA I10JICTAHOBKA. A—>AB, B—A

1/1: AB.AB.AB.AB.AB.AB.AB.AB.AB.AB
2/1: ABA.ABA.ABA.ABA.ABA.ABA.ABA
3/2: ABAAB.ABAAB.ABAAB.ABAAB

5/3: ABAABABA.ABAABABA.ABAABABA

T : ABAABABAABAABABAABABAABAAB

Yucna ®udonavuu: F . ~F ,.+F,, F=0, F=1;
0,1,2,3,5,8,13,21,34,55,89, . 1=(1+5"2)/2=1.618034
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FI1G. 1.28 A 1-dim illustration of the strip/projection method. The slope of R, is
irrational. Sites of the portion of the square lattice inside the strip project on R, in
a perfectly ordered non-periodic structure made of two tiles of incommensurate sizes.

With a slope of R, equal to 7, the Fibonacci chain is obtained.
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FI1G. 1.23 Schematic of (a) prolate and (b) oblate rhombohedra that can be used for
3-dim Penrose tiling. Vertex coordinates are given in a frame of three orthogonal
2-fold axes of a regular icosahedron.

FiG. 1.24 Electron diffraction pattern of an AIMn quasicrystal (5-fold zone axis)
(a) compared with the computed Fourier pattern of a 3-dim Penrose tiling (b) and
as obtained perpendicular to a 5-fold axis.

F1G. 1.21

Two-dimensional Penrose tiling with two lozenges as unit cells and edge
matching rules (see text).
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JIndpakums B KBa3UKPUCTAILIE

F1G. 1.24 Electron diffraction pattern of an AIMn quasicrystal (5-fold zone axis)
(a) compared with the computed Fourier pattern of a 3-dim Penrose tiling (b) and
as obtained perpendicular to a 5-fold axis.

Qpar: (mx+T r]X)X-I_(rny-l_-l- ny)y +(mz+T nz)z
Qloer[ — (T m, - nx)X+(T mv_ nv)y +(T M- nz)z




CBOKCTBA KBAa3UNEPHUOIUUECKUX CTPYKTYP
@ Kaxbli «aTOM» HMEET YHUKAJIBHOE OKPYXKEHHUE

@ CKOJIb YTrOJIHO OOJIbIIINE KYCKH IIOBTOPSFOTCS
OECKOHEYHOE YMCIIO Pa3

@ [lonarue cummeTpun usmensercs!  Hanpumep,
IIPU TTOBOPOTE MOKHO COBMECTUTD CKOJIb YTOJHO
OOJIBIIIME KYCKH, HO HE BCIO CTPYKTYDPY.

® Camonogooue (MadIAINA)

® Pa3zoHHAA cBO00IA; HECUETHOE MHOKECTBO
MAaKpPOCKOIIMYECKHU SKBUBAJICHTHBIX CTPYKTYP

@ JludppakuroHHAsE KAPTUHA COCTOUT U3 O-TIUKOB,
HO OHa BCIOAY IUIOTHAS B OOpAaTHOM IIPOCTPAHCTBE




[ '1e HaXOOsITCSI ATOMBI ?
Kak aTOMBI y3HAaIOT CBOM MECTa?

@ ANNPOKCMMaHTLI B cnnaBax C U3BECTHOW
KPpUCTanmM4yecKkou CTPYKTYpPOU

& [Indppakyma HEUTPOHOB C U3OTOMHbLIM
3aMelleHneMm

® AHanus EXAFS (nokanbHoe oKpyXeHue)

@ PeHTreHOCTPYKTYPHbIN aHanmM3 aToMHbIX
MNOBEPXHOCTEN B NEPNEHONKYIIAPHOM
NPOCTPaHCTBE

® Mogoenun pocTta KBasuKpuUCTansosB




1/1 anmpokcumant (Bergman)a~14 A

JEGLIC et al.

(a)

(b)

Mg, (Al.ZN) 4

« AliZn
¢ Mg

=~ 160 atomoB Ha OLIK auenky

PHYSICAL REVIEW B 75, 014202 (2007)

FIG. 7. (a) Six successive shells of the Berg-
man icosahedral cluster (see text). (b) The struc-
ture of the Bergman phase is obtained by a body-
centered packing of these clusters by sharing a
hexagonal plane of the fourth shell (the soccer
ball).




1/1 anmpoxcumant (Mackay),a~12.5 A

SIMONET et al. PHYSICAL REVIEW B 72, 024214 (2005)

cluster located at (0, 0, 0) cluster located at (1/2, 1/2, 1/2)

icosahedron icosidodecahedron icosahedron icosahedron icosidodecahedron icosahedron
12 atoms (2) 24 atoms (3) @ 12 atoms (5) 12 atoms (6) 24 atoms (7) e 12 atoms (9)

[2.4A] +6 atoms (4) *® [4.7A] [24A] + 6 atoms (8) * [4.7A]

[47A] [47A]
b
- |
rhombicosidodecahedron icosahedron
12 atoms (11) ® + 24 atoms (12) 12 atoms (10) c
+24 atoms (7) * [73A]
[6.4A]

FIG. 2. Atomic structure of the clusters with icosahedral symmetry centered at (0, 0. 0) and (1/2, 1/2, 1/2) in 1/1 approximants in the
Al(Si)-Cu-Fe system. For each cluster, the concentric shells with increasing size are shown separately. The crystallographic sites used to
build each shell are indicated. Their labels (numbers within parentheses) follow the notations of Tables I and III. The average radius of the
shell is indicated. In the a-Al(Si)-Cu-Fe approximant, an additional atom (not represented in the figure) occupies the (0, 0, 0) position and
induces an important disorder in the first shell, which looses its icosahedral character. The chemical decoration of these clusters is given in

Table 1.
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DNEKTPOHHAsA JU(PPaAKIUSI B KBA3UKPUCTAILIE

F1G. 1.24 Electron diffraction pattern of an AIMn quasicrystal (5-fold zone axis)
(a) compared with the computed Fourier pattern of a 3-dim Penrose tiling (b) and
as obtained perpendicular to a 5-fold axis.
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Fig. 3. — Universal pseudo-fivefold electron-diffraction pattern of the Fibonacci crystals
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Fig. 7. — The deviations of cubic reflections from their icosahedral positions in different Fibonacci
crystals : (A) for the twofold {2 F;,0,0} reflections and (B) for the pseudo-twofold {F;, ,, F,, F,_;}




OrnpeneneHue mpoCTPaHCTBEHHBIX
rpynin KyOM4eCKUX annpoOKCUMAHTOB
u a3 pedaekcoB U3 Teopuu Jlangay

2. IlombITaeMcs Tenepb yCTaHOBUTh, K KaKHM HMEHHO KyGHMUeCKuM: IIPOCTPAHC TBEHHBIM rpyIimiam
MOTyT IIpHHA[UIekKATh pacCMaTpHBaeMble CIPYKTYphl. [UIs 3T0r0 HCIOb3yeM ONMCAHHE Tlepexona
M30TPONHAA XUOKOCTh — KPUCTALI B paMKax TeopuH JlaHpgay, B KOTOpOii mapameTpoM NopAnKa
ABNAIOTCA Qypbe-TapMOHHKH INTOTHOCTH PG %23 Xora Takoii IOAXOM 3aBeJOMO He IOHUTCA IA
KONMYECTBEHHOT'O OIMCAHMA NIPOLECCa KPACTAVTHIAUNH, MOXKHO HaleAThCA, YTO KAUeCTBECHHBIE pe-
3YNbTaThl, TAKHE KAK IPOCTPAHCTBEHHAsA CHMMETpPHA YIIOPAXOYeHHOH a3kl M 3HaKH dypbe-rap-

MOHHK QK& CH ITDABUIIE viH A Kax HE AHTEDE F STDVKTVDA HUZIKOTEeMIIEDATVD g,
¢asbl, a He TeMIIepaTypa IlepeXoaa, Mel BbibepeM cBOGOIHYI0 3HEPTHI0 F B IpoCTeiilieM BHIIE

1
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192 1 290 (l)

rae ¥V —obsem,a p(r) — miorHocTts Kpucramia. Paccmotpum dyrkimonan (1) mia rpynn
T'-P23 u T*-P2,3, KOTOpble ABIAIOTCA HNOATPYIIIaMH BCEX OCTANIBHBIX KyOuueckux rpynmn. Hc-

Pm3, Pa3, Im3, |3




Anmnpokcumant MnSl, ctpykrypa B20,
IPOCTPAHCTBEHHA Tpytna P23

X,X,X
X<, =0.846 (0.845)

x,,-=0.138 (0.155) 2,10

Fig. 6. — Idealized MnSi structure. Cube with the inscribed dodecahedron shows the unit-cell

dimensions (conventional unit cell has another origin [20]). Full circles : A-atoms and empty circles : B-
atoms. Atom 1 is at the center of the cube and atom 1’ is at the cube diagonal ; the rest atoms are at the

cube faces.
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<0/1>-B20

z JIEKOpUPOBAHHLBIE
pPOMOOSIPHI
AMMaHHAa

(a)
<0/1>-B20

(b)

(~7,01) (7.0-1)

(b) (0,00) (01,7)

Fig. 3. Two different DLO-induced decorations of the Ammann rhombo-
hedra in the same cubic approximant, (2/1)4: (a) the edge decoration;
(b) the vertex-face decoration. All the edges of the Ammann rhombo-
hedra are directed along pseudo-fivefold axes. Large and small circles
represent the L and § atoms, respectively; the letter d marks atoms at
the body diagonals of the prolate Ammann rhombohedra. The cubes
designate the unit cell of the B20 structure.

(0,0,0)

F1G. 1.23 Schematic of (a) prolate and (b) oblate rhombohedra that can be used for
3-dim Penrose tiling. Vertex coordinates are given in a frame of three orthogonal
2-fold axes of a regular icosahedron.
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Table 1. Positions of atoms and icosahedral holes in cubic approximants with DLO

The hole marked by an asterisk is not icosahedral. Experimental values are given for the first compound of each approximant; for
a-AlMnSi we take those positions that are less distorted by the atoms in the i-holes.

Theoretical Experimental
Elser-Henley (z,y,z) coordinates (z,y,z) coordinates  (IN; Ny N.) or Six-dimensional

Label Examples notations in a unit cell in a unit cell (NgNa) indices
(1 FeSi /-1 ©,0,0) ©0,0,0) (068) 000000
AlPd (0.5,0.5,0.5) (0.5,0.5,0.5) (068) 000111

(21)4 FeSi 01 (0.845,0.845,0.845)  (0.844,0.844,0.844) (067 111000
AlPd (0.155,0.155,0.155)  (0.136,0.136,0.136) (067) 000000

(211, PdF, 0/1 (0.345,0.345,0.345)  (0.343,0.343,0.343) (067) 000111
Fe$S, (0.655,0.655,0.655)  (0.657,0.657,0.657) (067) 000000

Pyrites 0,00) (0,0,0) - *hole
(3/2) AuzNaSi 110 (0.095,0.095,0.095)  (0.097,0.097 0.097) (067) 000000
AuzNaGe (0.214,0.095,0.405)  (0.226,0.133,0.408) (066) 001000
{0.405,0.405,0.405)  (0.381,0.381,0.381) (39) i-hole

{5/3)a AlsLi3Cu 1/1 (0.191,0.191,0.191)  (0.187,0.187,0.187) (067) 000000
Mgs>(AlZn)ss (0,0.118,0.191) (0,0.094,0.154) (075) 010000

AugNa;Siz (0.0.309,0.118) (0,0.305,0.117) (076) 010100

AuzNazSn (0.118,0.191,0.382)  (0.157,0.150,0.406) (066) 000001

(0.427,0,0.5) (0.404,0,0.5) (156) 110012

(0.191,0,0.5) (0.199,0,0.5) (058) 101001

(0.191,0.309,0) {0.175,0.301,0) (39) i-hole

(0,0,0) (0,0,0) (0,12) 1-hole

(5/3)s a-AlMnSi 1/1 (0.118,0.191,0.309)  (0.115,0.187,0.300) (076) 000000
o-AlFeSi (050.191,0309)  (0.5,0.180,0.308) (067) 100100

ScsyRhy3 (0.5,0.118,0.118) (0.5,0.120,0.117) (065) 101100

Hfs540s17 (0.118,0.118,0.118) (0.164,0.100,0) (067) 001000

(0.5,0.5,0.118) (0.5,0.5,0.122) (156) 111110

(0,0,0.236) ? (156) 100010

(0,0,0) ? (068) 001111

(0.309,0,0.5) (0.250,0,0.5) (2,10) i-hole




AnnpokcuMaHThl @UOOHAYYH: OT MAJIBIX K OOJIBIINM

1/0: A A A A A AA A noxcranoska: A—AB, B—A
1/1: AB.AB.AB.AB.AB.AB.AB.AB.AB.AB

2/1: ABA.AB AL ABA.ABA. ABA.ABA.AB A
3/2: ABAAB .ABAAB. ABAAB.ABAAB.ABA AB
5/3: ABAABABA.AB AAB ABA.ABAABABA

8/3:ABAABABA ABAAB .ABAABABA ABAAB .




Approximants 2/1: Al-Pd-Mn-S [1],
Al-Rh-S [2,3], Al-Mg-Zn [4], and Ca-Cd [5]

& the structure Is idealized: 5-, 3-, 2-fold bonds

@ all the atoms are lifted to a 6-dim cubic lattice
and then projected to the perpendicular space

@ the deviations from the ideal positions in the

physu:al space are analyzed

1]. K. Sugiyama, N. Kaji, K. Hiraga, T. Ishimasa,Kristallogr. 1998213. 90.
ZZZ
3],
2004.334& 335. 161.
4].
3].

T

Crystallography Reports, 2007.

K. Sugiyama, W. Sun, K. Hiraga. J. Non-Cn&blids. 2004334& 335. 156.

T. Takeuchi, N. Koshikawa, E. Abe, K. Kato, Mizutani. J. Non-Cryst. Solids.

Q. Lin, J.D. Corbett. Proc. Nat. Acad. Sci0B0103. 13589.
C.P. Gomez, S. Lidin. Angew. Chem. Int. EdO2040. 4037.
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Al-Mg-Zn, Pa3space group

about 704 atoms
S. Spiekermann, G. Kreiner, 1998

»
AR

L]

A

\JL/ Ca-Cd Pa3space group,
‘ about 712 atoms

C.P. Gomez, S. Lidin, 2001

Fig. 1: Each unit cell of the 2/ 1-approximant
contains eight Beraman clusters.




Al-Rh-SI, Pm3 about 563 atoms

75 -100% Rh
50 - 75% Rh
25 - 509% Rh
- 25% Rh

Fig. 4. Atomic clusters exist at the body center (top panel) and vertices (bottom panel) in the unit cell of the AlgsRharSig 2/1-211-2/1 approximant.
Atomic arrangements on the triangular faces of each wosahedral atomic shell are shown below each atomic shell. Open circles and filled circles
indicate (Al S1) and Rh atoms, respectively. The atomic sites in which Al and Re coexist together are expressed as gray circles. The depth of the gray
color indicates the Re occupancy in each mixed site; the darker the color is, the more the Re exist. The triangles decorated by circles indicate the atom
arrangements on the triangular faces of the icosahedral cluster shells. Note that the seven atoms on the faces along the [1 1 1] direction in the fifth shell
of the larger cluster centered at the body center are shared by the third shell in the small cluster centered at the vertices. Seven atoms constructing

hexagons in the triangular surfaces of the outermost shells in the large cluster at body center of the umt cell are shared with the outermost shells in the
small icosahedral clusters at vertices.




Perpview: Al-Rh-Si




Perpview: CaCd
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Perpview: Al-Mg-Zn




MeractaduibHas gpaza BC8 B kpeMHUH

[IpocTpancTBeHHAs rpynmna cumMmeTrpuu la3, 16aTtoMoB Ha STYEHKY
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Puc. 2. Bup na crpykrypy BCS8: a — Bpons ocu z, 6 — Bionb ocn nsitoro nopsjaka. [Tokaszanbsl atombl 1 cBs3H. BujaHbl npaBuib-
HbI€ NATHYTOJBHHKH W NOJIOBHHKA JECATHYTONbHUKA (0), OIHAKO cnegyeT NOAYEPKHYTh, YTO 3TH (PUT'YPbI HE INIOCKHE.




BC8

Puc. 1. Terpasjgpuueckoe ynopsjgouyeHue B CTPYKTYpeE
anmasa (a) u B paze BCB (0). KoBaneHTHbIE CBSA3ZH MOKa-
3aHbl JKUPHBIMH THHHAMU. B HjaeansHoi cTpykType ped-
Pa HKOCasipa B TOYHOCTH paBHbl peOpaM KyOOB (HEBH/IU-
Mble peOpa uKocasapa He MoKa3aHbl 175 NpocToThl). Ky-
Obl Ha pUCYHKax (a) u (6) oguHakoBbl, UX pebpa B 2 pa3sa
MCHBbLLE MOCTOAHHON PEIIETKH CTPYKTYPLI aiMasa WK B

“ pa3 MeHblIe nocTosHHON petieTkH paszsl BCS. B 0bo-
UX clIy4asiX UEHTP UHBEPCHHM HAXOIUTCs B cEpe/IMHE CB-
31, HANPaBIE€HHON BOJIb OCH TPETHLETO MOPAKA.
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Figure 1. Pentagonal and decagonal motifs in the BC8 phase, which is the 1/0 approximant,
(@) and in the 1/1 approximant (5). Atomic layers normal to the [058] direction are
shown. All distances are given in unit cell sizes which are different by 7. Two complete
T-scaled decagons are indicated by solid lines.
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Puc. 3. O6pazoBanne pa3oHHBIX IePeKTOB B alllPOKCH-
manTax 1/0 (daza BC8) u 1/1. A-cBA3M — XKUPHBIE JTHHUH,
B-cBa3u — cnnounbie nuHuK, C-CBA3H — LITPUXOBLIE JIH-
HHU, OOOpPBaHHbIE CBSAZM — JKHPHbIE IITPUXOBLIE JIMHHUH.
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FIG. 7. Energetics of an 1solated phason flip. Energy of of two
jumping atoms (relative to the perfect BC8 phase) 1s given as a
function of their position #. Parameter u 1s given for the primitive
rthombohedral supercell containing 32 atoms (for the BC8 cubic
unit cell 1t would be twice smaller).
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FIG. 3. Calculated energy of different Si phases as a function of
volume per atom. Energies of BC8. R8. and BT8 phases are rather
close for any density. The BC32 phase has larger energy and little
chance to exist even as a metastable phase. Lines shows the Mur-
naghan fit of the points.
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Figure 3.  Reduced intensity function, F(s), for the disordered BC8 phase (solid line) and for
amorphous Si (dashed line), (Moss and Graczyk (1969), with permission).
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Figure 1: Calculated energy of four-coordinated carbon
phases as a function of volume per atom (for 3 A3/atom
the pressure is approximately 800 GPa). Energies of all
quasicrystal-related phases are rather close to each other for
any density and slightly higher than that of diamond.
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INTENSITY AND WIDTH OF BRAGG REFLECTIONS 551
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Fig. 3. Diffraction peaks along the twofold symmetry axes: Fig. 4. Spectral width of reflections as a function of the
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Conclusion

@ displacements of atoms from their ideal
positions grow with perpendicular radius

@ the 2/1 approximants contain more body
centered (icosahedral) positions then “perfect’
guasicrystals

@ because of short distances and displacements
real-space methods for construction of higher
approximants and quasicrystals should be
developed
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Displacements of atoms In real space

versustheir perpendicular positions: «zd
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Displacements of atoms In real space
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Displacements of atoms In real space

versustheir perpendicular positions: Al-Rbi
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Average characteristic of deviations

from Icosahedral symmetry in approxim
[(reh) p(r)dr — [(res)'p(r)dr

g

ant
)

/(res)*p(r)dr

where(r) is the atomic density In the perpendicular sFaueE

€y =

1
(1,0,0), e, = S (7 71 1)

In cubic approximants
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Characterization of icosahedral symmetry in approximants
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Average coordination numbers of atoms in 24& approximants
Approximants: Where are the atoms?
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Real-space constructia
of higher approximants

3/2 2/1
¢

‘ Fig. 1: Each unit cell of the 2/ 1-approximant

contains eight Bereman clusters.
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